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action a t  each  layer.  These  parameters axe chosen  such 
that a favorable tradeoff between  operating costs and 
performa.nce level achieved is obtained. An approximate 
tradeoff measure is developed to ease the computational 
burden required to  carry  out  the  tradeoff analysis. 

The investigations  reported  in  the  preceding sections 
represent an initial  step  in  the formal treatment of this 
multilayer  strategy  and  its associated tra.deoff problem. 
There is, therefore, a considerable need for further research 
in  this  area. 
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Team Decision Theory and  Information 
Structures in Optimal  Control  Problems-Part I 

Abstract-Information structures of organizations are  studied  and 
applied to problems of dynamic team decisions. For a causal  system 
it  is shown that  there is a  partially ordered precedence  relation  exist- 
ing among the decision makers. 

The  team decision problem with linear information structure  and 
quadratic payoff function is  dealt with. The primitive random vari- 
ables  are  assumed to be jointly  Gaussian. The optimal  solutions for 
the  teams in which precedents’  informtion is available for  the follow- 
ers  are obtained. I t   is  shown that  the well-known linear-quadratic- 
Gaussian stochastic control problem and  static  team decision prob- 
lem  are special cases of the structure considered. 

W 
I. INTRODUCTION -4m PROBLEM STATEMENT 

ITHIN a general  organization there  are  many 
members,  each cont.roUing Merent  action  or de- 

cision variables at  different. t.imes, each  having access to 
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different information, a.nd each attempting  to at.t.ain 
different goals. A team is an organizat.ion in which  t,hcre  is 
a single goal  or payoff common to  all  the members. Let  us 
consider  a team composed of i E 1 = {1,2, . - - , hr ] mem- 
bers. Each member receives cert.ain informat.ion zi and 
controls t.he decision variable ui, where the  nature of 
these  variables will be defined  presently. ?Ire denote t,he 
payoff funct.ion for all  the members  as 

J = J ( w  YZ, * * 1 Y N ) ,  . (1) 

where yi is the control ha or decision rule, 

Ut = r d z J  and ~t E rc ( 2 )  

used by  the  it,h member and ri is t.he class of admissible 
control  laws fori.  The t.eam-theoretic optimization  problem 
can  then be informally stated as follows. 

Problem I :  Find -yi* E Ti for all i such  that, J ( n ,  YZ, . -, 
rN) is minimized. If the  system or organization  evolves 
dynamically in t.ime and  the decisions of the members 
interact  with  the payoff as well as the informa.tion received 
by  the members, then we have an optimal  control  problem 
in which team decision theory  and  information  structure 
plays  a decisive role. The purpose of this paper is to investi- 
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gate  one  such class of problems and  to  present  various 
explicit resubs. 

Marschak [l] first formulated the  team  problem more 
than 16 years ago. So far, theoret,ic work is mainly 1imit.ed 
to  the  static  teams [2], [3] in which informat.ion x f  is only 
the function of some random  variable 4 but is independent 
of what  other members have done.  However, in a  dynamic 
team,  present  information is affected  by  what,  has  been 
done in  the  past.  Therefore,  the  present  estimation a.nd 
decision are  dependent.  on  the a.ctions of the  other mem- 
bers in  the  past;  this  very dependence  is itself affected  by 
the  past actions  which  are part of t,he solution to  be ob- 
tained. Because of the difficulties caused by  the  interactions 
among  information  estimation  and cont.ro1 variables,  there 
has been  no substanlial work  done in  the dynamic case. 

A .  I n f w m t i o n  Structures 
Let, 4 E R“ denote a ra.ndom  vector  defined on  an under- 

lying probabi1it.y space (R”, 5, P ) ,  and  let  it represent all 
the uncert.ainties of t.he external world which are  not con- 
trolled  by  any of t,he members. We assume that  the prob- 
ability dist.ribution of f is known to all t.he members and 
is Gaussian N(0,  X )  with X > 0. 

The  information zi  each  member receives includes  every- 
thing  available  as  knowledge  to  him for making decisions. 
This consists of what he has  remembered,  what  he  has 
observed, and  what  other members have communicated 
to him, etc. The information zi is  assumed  to  be  a  known 
linear  function  in Rqi of 5 and some of the control actions 
other members have  taken, i.e., 

zt = H &  + C Dijuj, V iJ (3) 
j 

where H i  and D,, are  matrices of appropriate dimensions 
and  are known to a.11 t,he members. We shall be interested 
in only real  causal  systems where what  happens in  the 
future  cannot affect Khat,  is  observed now. Thus,  in (3) we 
assume 

1 2 3  N - 2  N-1 N 
0 0 0 .... 0 0 0 

Fig. 1. 

E x a m p b  1 : 

The precedence diagram  for  this  system is simply  isolated 
nodes. (See Fig. 1.) Since there  is no explicit causal  relation 
between the control  and  information of different members, 
we call  structures  such  as this, with isolated members in 
the precedence  diagram, static  teams. 

In  a. st,atic  team t,he informa.tion of each  member may  not 
be obt.ained at  the  same  time,  nor need the  control  actions 
executed  by  each  member  t.ake  place simult,aneously. As 
long as  there a.re no  casual  precedence  relations  among t.he 
members, the  actual  time  instants when the observat,ion 
and  actions  occm  are  not  important,. 

Example 2: In  a classical multistage  stochastic  control 
problem, the  dynamic  equation is 

and  the  observation a t  each stage  is 

~t = H x ~  + vi, i = 1, . * -, N ,  (7) 

where x i  is t.he state, ut the control,  and wt and vi the in- 
dependent  sequences of random  variables. The distribu- 
tions of XI ,  w i ,  and v i  for  all i are known to  be  independent 
zero-mean and  Gaussian.  The  system is assumed to be of 
perfect W M ~ O T Y  in  the sense that at time i, the decision 
maker  remembers  perfectly what  he  has known and  what 
he  has done before. Imagine  there  are N members of a 
t.eam t,o control the  system  and  that  the  ith member  is 
responsible for ui at the  ith &age. 

Since 

ut cannot  a.ffect  t,he informat.ion of j .  We have in mind here 
essentially a discrete-time dynamic  situation  in which 
current  actions  can affect., a t  most., information  in the suc- 
ceeding, but. not  the  current,  stage. 

We  formalize this in the following definitions. 
Definition I :  We sa.y j is related to i, j R i ,  if Dij  # 0. 
Definition I: We say j is a precedent of i, j { i, iff (a,) j R i  

or (b) there exists distinct r, s, t ,  . . , k E 1 such that j R r  
and r R s  and sRt, . . , kRi. 

Graphically, we can represent, the  idea of precedence in a 
precedence diagram. Each member of t.he team [decision 
maker (DM)] is  represented  by  a  node so placed that  the 
node  for j is above  t,hat for i if j { i. One then  draws a. 
directed  segment  from  node j to node i if j R i  and t,here 
exists no k such that j { k and k { i. A path, consisting of a 
connected series of directed  segments, exists between j and 
iif and only if j { i. 

which is clear from the recursive  equation (6), the informa- 
t.ion for  member i is 

linear 

V I ,  . . .,us), Y i. (9) 

The  random  variables zl; a, e ,  w,; 01, . a ,  vN all together 
represent the  wrne  thing as f defined  earlier,  t.hat 
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Fig. 2. 

GROUP I G R O U P  II 
Fig. 3. 

zf = linear in ( E ,  ul, . . -, ui-l) 

for some H i  and  Dij  and for all i, where none of the matrices 
D f j  are zero matrices. We note  from (9) that 25 is imbedded 
in zi as components if j < i. We stress  this  fact  by drawing 
a memory-communication  line segment, (dotted line)  from 
j to i on the precedence diagram.  Intuitively,  this suggests 
that,  whatever j knows is  either  remembered by i (in the 
case of one  player  acting as a. different DIU at different 
times) or is passed on to i (when we have different. players). 
The precedence diagram  with  its memory-communication 
line for this example is shown in Fig. 2. Note, since zj  in- 
cludes z + ~ ,  it is not necessary to  have a  dotted-line  segment 
joining nodesj + 1 and j - 1. 

The precedence diagram  with  its memory-communica- 
tion lines will be called the information structure  diagram. 
It. is  a  graphic  representation of (3). The information 
struct,ure  diagram  is  essential  to the analysis of informa- 
tion  transmission and causal  relations. Any linear  dynamic 
system of (6) and (7) (time  varying or not)  can  be  put  in 
our normalized form of (3) by a  method  similar to  that of 
Example 2. Linear  dynamic processes without  perfect 
memory or with  only  partial  feedback  fit naturally  into 
our structure. A general  example of a 1inea.r-Gaussian t,eam 
problem  is  found in  Example 3. 

Example 3: 

The information structure diagram is displayed in Fig. 3. 
(lo) Members  one,  two, and seven are starting decision makers of 

the  team; members five, six, a.nd eight, are  the terminating 
decision makers. In  the sequel we shall  index  t.he  members 
in such a wag  t,hat if j is a  precedent of i, t,hen j < i. 

Each decision maker  makes  a decision at.  a single time 
moment. The information zi is made  available  for the  ith 
member just. before he makes  his decision. In  practice some- 
one  may  have to make  a decision more than once  at. differ- 
ent. times, then  either  the information  available on a.11 
these occasions is the same, and  then  these decisions are 
considered as a single one picked from a product set, or 
else the informa.tion available  is not. the same, and  then  one 
can  assume sepa.rat e members for each occasion. 

We define the class of admissible  control Ian-s for the  ith 
DM, T i ,  as the  set of all Borel-measurable  functions y i :  

. Note  that  for fixed yi E rr, i = 1, . . *, N ,  (3) in- 
duces for each i a sub-u-algebra Zi  c 5, and zi are well- 
defined random  variables  measurable  with respect to &. 
Let ui take  value  in Ui = Rki, then we have  a u-algebra F1 
on U t  such that. yi- l (Sf)  = Zi. Note  that with the  excep 
tion of the st,atic  team,  Example 1, St,  Z t  V i, are dependent, 
on  the choice of y = 171, - * , yN]. Therein  lie the major 
difficulties of the solution of dynamic team problems. 
Fortunat.ely,  for  a  large class of such  problems  with special 
information  st,ructures, this difficulty can  be  circumvented. 

p i  --t RLi 

C. Payoff Function 

function 
The common goal for all members is to minimize the 

J(y1, ' a * ,  -yN) = E[$] = E [ + U T & U  + U T S f +  UTC],  

where Q is symmetric posit.ive definite and ut are given by 
(2) and  the expectation is taken with respect to  the a priori 
5. Mat,rices Q, S and vector c are of appropriat,e dimen- 
sions and  are known to all the members. As st,ated  earlier, 
with the particular choice for  the class of admissible  control 
laws, all uf are well-defined random  variables and  the 
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11. NECESSARY CONDITIONS FOR OPTIMALITY + [UrTQr, eu, E(r,lz*) + - d E(wTS,41z,) 

Problem 1: This problem is st.at,ed in  the so-called “nor- 
mal  form.”‘ From  a  practical  viewpoint,  Problem 1 is  not 
in a suitable  form  for explicit solution  except in the case k# i  a u t  

where the cardina.lity of each  admissible  control set  is 
h i t e  and  very small. To put it in a  more useful form, we 
&st consider a  relaxed  version of t.he problem.  for all values of z f  and for all i = 1, - . *, N where Qu means 

P,roblem 2: Find yr* E rS for all i such that  the  ith row- and  j th  column-partitioned block of Q, S,, the 
j t h  row-partit.ioned block of S, ct, and  the  ith part,itioned 
subvector of c. The  last  four part.ia1 derivat.ive  terms of (17) 

5 J(YI* ,  - * * Y~-I*, 7 2 ,  Y ~ + I  , * -, YN*) (14) depend explicitly on the form of controls of the following 

for all Y~ E ri  and for all i. members. This is  rather  unsatisfactory  inasmuch as we are 

Optimality relat.ion (14) is certainly  a necessary, but.  not att.empting t.o solve for t,hose cont.ro1 laws through  the 

sufficient, condition for the global solution of Problem 1. considerat.ion of  (17). Now we see more explicitly the 

In  ot,her words,  Problem 2 is a noncooperat.ive version of difficulties connected with  the  solution of dyna.mic  tea.m 

Problem 1 in  the language of game  theory. We call the opt.imizat,ion problems. Furthermore, because of this 
solut.ion of Problem 2 member-by-member optimal. Kext. causal  dependence of yj on Yr for j } i, t.he payoff  function 

we rewrite  the  expectation  in (13) as in  Problem 3 is not  generally convex in y f  even  though it  is 
quadra.t,ic in u with Q > 0, nor  are zt generally Gaussian 

J = E{$[Yi*(zl), * * * ,  Yr-i*(zr-1), Yt(zr),  even  though 4: are  given  as  Gaussian.  The  quadratic- 
Gaussian  nature of J and z is dependent on t.he form of the 
control  laws Yt chosen. Fortunately, for a variety of 
classes of problems  these difficulties can be  overcome or 

~ r ,  ?$+I*, * * , YN*, (15) contained  in  one  way or another. In  lat.er sections and in 
where the second  expectation is t.aken  with respect to  any Part I1 of this paper t.hese solut,ions will be discussed. 

given values of zi. However, for f i e d  control  laws yl*, - - , 
Yt-1 , Y~+I , * - , YN* and  any $xed zt ,  

The results of this section are essent,ially t.hose first  ob- 
m i n - ~ , ( ~ [ ~ l z t ~ ]  +-+min~[$(n*(z1), * .  ., tained  by  Radner [2]. We shall  derive  them in terms of our 

aut 
a a + a ~ ,  E(Y,TIzOCj + C - E(y,T&,y,lzt)] = 0 

(17) 

J(Yl*, * * -, Yr-1 f Yt  , Yt+l > * .  - I  YN*) * *  * 

Yf+l*(zi+l>, * * ’> YN*(zN), E1 ] 
= E,, !E[$lzrl  ] for fixed x * ,  - - -, Yf-l * , 

* * 111. STATIC TEAIIS 

Problem 3: We  come to  the t,hird  version of the t,eam 
optimization  problem, i.e., 

min E[$  uTQu + uTS[ + uTclzf] A min J ,  
ui ui 

where 
UT = trl*T(zl), *, Yr-1 *T (Zt-l), rrT(z3, 

Y*+l*T(z*+l), a * 2 YN*T(zN) 1 
for fixed -y,*(z,), j # i, and  any zi. 

Problem 3 is in the so-called “extensive  form” or ‘‘semi- 
normalized  form” in  the sense that  all except  one  control 
variable  are given as  strategies. A necessary  condition for 
the optima.lity of Problem 3 can  be obt.ained by  t,aking 
partial  derivatives of J i  with  respect  to ur. However, t.he 
partial different.iat.ion must  be  considered wit.h care. 
T e r m  involve uj such that j } i must  be  included since uj  
= y j * ( z j )  and zj depends  on ui t.hrough the causal  relation. 
Thus  in general, t<he  partial  differentiation will result  in 

game  theory [7] or Bayesian statistical decision t,heory [8]. 
It is stated in accordance with  the usually accepted  meaning in 

function of 4: only, i.e., D f j  = 0 in (3) and 

zi = Hit ,  V i .  (18) 

to avoid trivialky, we assume H i  is qt X n with n > qr and 
t,hat it is of maximal rank. 

The necessary  condition of (17) immediately simplifies 
to 

QtiYt(zt)  + C Qc&’(yj(zj>Izt) + StE(tlzJ + ct = 0, 
j Z i  

Y zi a.nd V i, (19) 

since  all  partial  derivative  terms  in (17) are zero. Further- 
more, we have  the following lemma. 

Lemma: The  optimal  solution of J of (13) is  unique in 
st.atic  teams. 

Proof: Consider y i  = yt + e ai. Since zj is independent 
of -yt for all j and i, J is  strictly convex and  quadratic  in  all 
T i .  This,  together  with  the  dominated  convergence  theorem, 
enables  one to  interchange  expectation  and  differentiation 
[2] and to show ( a 2 J / W )  = Ej&TQti6i) > 0. This shows 
that, J is st,rictly  convex  in c and  the conclusion follows. 

Consequently,  any  solution of the necessary  conditions 
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(19) by uniqueness will be t.he global optimal solution. We 
try  the control l a w  of the  form 

ui = yt(z3 = At% + bf ,  v i, (20) 

where At  and b, are k f  X q,matrix and k,vector, respec- 
tively, to be  determined.  Substituting (20) into (19), 

QtdAtzt  + bt )  + C QtJ(Afl jC;  + bjlzt) 
i#i 

19 

GROUP I GROUP TI GROUP III 

Fig. 4. 

+ siE(glzi) + cf = 0 world C;, which  is not solution or control  law  dependent. 
We define such  structure  formally. 

QsAArzt + b J  + [- Qd8, + St] Definition 3: An information  structure (3) is called 
purtiuUy nested if j { i implies Z, c Zr for all i, j, and y E I’. 

*E(E[zr) + C Q t P j +  c i  = 0 
i # d  Example I: 

-XHtT(H,XHiT)-’ z f  = 0 (21) 1 
for all x ,  and for all i, where we have ut,ilized simple  proper- 
t.iw of joint.ly Gaussian  random  variables to evaluat,e 
E(&,) and  tohe  fact that H,XHfT has  an inverse. Since (21) 
must  be  true for all zt, we get 

bzT, . e ,  b N T )  = c’Q-’ (22) 

and 

Q d  i + C QtjA jHjXHtT(HZHtT) -’ 
i#i  

= -SfXHtT(HiTXHtT) - l ,  ‘d i, 

or 

QidA,(HjXHtT) = -XfXHiT, V i. (23) 
i 

The c0efficient.s of the elements of A ,  in  the  linear simul- 
t,aneous equa.tion (23) form a positive-definite matrix 
12, p. 870, lemma]; hence the elements of all A ,  are uniquely 
solvable  from (23). Thus, we have  t,he following theorem. 

Th.eorem (Rudner): The cont.ro1  law of (20) with (22) and 
(23) is  optimal for t,he  static-team  optimization  problem 
with  the informat.ion structure (18). 

IV. DYNAMIC TEAM WITH PARTIALLY NESTED 
INFORXATION STRUCTURE 

In  this sect,ion we wish to  study  a special class of in- 
formation  structure mot,ivated by  the following informal 
consideration. Suppose, for each DM i and  all his precedent 
j ,  the information  variables zj  can be generated  from x <  in 
the sense t.hat knowing zi implies knowing z5. A particular 
case of such informat.ion st.ructure is t.hat. of Example 2 of 
Sect.ion I. In  ot.her words, the memory-communicat.ion 
structure is t,he same as  the precedence relat.ion in t.he in- 
formation  st.ructure  diagram.  Such  structure  has t.he prop- 
erty  t.hat t.he action of all t,he precedents is completely 
determined  once  the  control laws are fixed. Thus t.he only 
random effects in zi are  due  to  the  structure of t.he external 

28  = HBC;. 

The  information  structure  diagram of this example  is 
displayed in Fig. 4. It. is clear from t.he diagram  and  above 
informat.ion struct,ure  that Khat, the precedents  have 
known will always  be  known  by their followers. For in- 
st.ance, member three’s precedents  are one a.nd t.wo; how- 
ever, z1 and z2 are  the first and second  components of 23, 

respectively. 
In  a  system wit.h partially  nested  information  pat.tern, 

the follower  ca.n always  deduce t.he action of its precedents. 
For  example, for a fixed 71, the first member of Example 2 
has  as  his cont,rol 

u1 = Yl(Z1). (24) 

Since t.he team ca.n agree in advance  on  the decision rule 
or control law used, the  third member  can  deduce the action 
u1 exactly by using (24). Thus,  the  extra  information u1 is 
redundant when the  value of z1 is already  part of the  third 
member’s  information. The  term D31u1 is redundant  and 
hence  can  be  deleted  from 23. Lilre\.r-ise, term D32% is also 
redunda,nt.  and  hence ca.n be  deleted from 23, since zz is the 
second  component) of 23. 

Thus, we can  formulate 2 3  in  an  equivalent.  way  such 
that 
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( 2 3  

Similarly,  all the ZDiluj terms  attached  to z4, zj ,  and 27 can 
be  deleted without. any change in  the t.eam performance. 
In  general, it. is clear that we have  the following theorem. 

Theorem 1: In  a  dynamic team s7it.h the partially  nested 
information  structure, 

2% HtE + C Dijuj (26) 
i{ i 

is equivalent, to  an informat.ion structure  in  static  form 
for any fixed set. of control laws 

pi = [ {H,& { i or j = ill. (27) 

Proof: We partition  the N-members into  the following 
disjoint sets: 

N1 = {set. of start.ing  members} 
N z  = {set, of members having i a.s precedent, where i E AT1 } 

. .  

N j  = {set of members having i as precedent., where 
i E NjPl  1. 

It is clear t.hat. ii  = zi = H i [  for a.11 i E Nl. Now let 

&i = zi - DijYj(Zj) 
i i  i 

= H&, V i E N 2  a n d j  E N1. (28) 

Since Zi 3 Zj,  then 2, will bc Zi measurable. Conversely, 
knowing pi IVC can  computc 

zi = 2i + Di jy j (&) ,  'PL i E N z  and j E N l .  (29) 
i 

Now, by rccursion we can  calculate zi from f i  or vice versa 
for i E N3, N,, . . e J  ctc. Q.E.D. 

Remark 1 :  The reduction of (26) to (27) is possible only 
when we arc considering pure  strategy solution exclusively. 
In  more general  game-theoretic  optimization  problems  with 
different. information for each member in  a  team  and 
different payoff functions for each of t.he  teams,  partially 
nested  information  structure alone may not be sufficient 
to effect the reduction-since with mixed strategies know- 
ing  all that others  have known is not sufficient. to  deduce 
what  they  have  actually done. 

Remark 8: Note  that  the  validity of Theorem 1 is in- 
dependent. of the  nature of the criterion  function J .  Fur- 
thermore, so long as some invertibility  conditions  are 
satisfied, zi  need not  be 1inea.r functions of E and uj 
for j { i; nor does have  to be  Gaussian. The pr0pert.y 
of partia.1 nesting only depends on the definition of the 
various  sub-o  algebra  in  Definition 3. 

Theorem 2: In  a  dynamic  team  with pa.rtially nested  in- 
formation  structure,  the  optimal control for each member 
exists, is unique and linear  in zi.  

Pi*OOf: As shown by  Theorem 1, a team with  informa- 
tion structure (26) is equivalent  to  one xith  static  struc- 

ture (27). Therefore, by Radner's  theorem, the optimal con- 
t.rol law exists, is  unique  and  linear  in ii. Since it = zi for 
i E Nl1 y i  is  linear in z i  for i E N1 also. By (28) we deduce 
that y i  is  linear also in zi for i E N2. Repeated  application 
of Theorem 1 and (28) yields the desired result.  Q.E.D. 

Application I-Linear Quadratic-Gaussian Control Prob- 
lens: Consider again  Example 2 of Section I1 ni th  a 
quadratic  payoff  function 

[:: - 2 h.=1 1 1 J = E - x ~ + I ~ S N + ~ X N + ~  + - (skTHTHxt + ~ k ' b ~ k )  

(30) 

where SN+1 2 0, B > 0. 
After  absorbing  recursive  dynamic  relations (6) into 

information  functions (9) a.nd payoff  function (30), we 
ha.ve 

and 

J = E - uTQu + uTSt + ternlsindependent of u (32) [I: 1 
where ET = (xlT; w l T 1  . . . , uiVT; vlT, . . . , V , ~ T ) ,  which is 
Gaussian. Also Q > 0, Q and S are matrices  dependent  on 
only the original parameters of the problem. 

Since t.he information z i  for different members is nested 
in  their  natural sequence, by  Theorem 2 the optimal con- 
trols exist, are  unique  and linear in zi such that 

ui* = Aizi + bi, V i (33) 

for some A i  and bi. 
In  control literature t,he  solution (33) permits  further 

simplification in  the sense tha,t, the measurement hiistory zi 
admits a pair of finite-dimensional sufficient statistics .Ti 
(linear  in g r )  and Pi n-hich are  the mean and covariance, 
respectively: of a  Kalman-Bucy filter. ui* can  be expressed 
as a  linear  function of fi only. Computationally  and  physi- 
cally,  this  is both meaningful and simplifying [4]. However, 
our  purposehere is to  demonstrate the intrinsic natureofthe 
classic linear-quadratic-Gaussian (LQG) control  problem. 
We have observed that its information structure  is basi- 
cally equivalent to a static one and  it permits  a  linear soh- 
tion. 

Remark 3: Note  that  this conclusion concerning the 
optimality of the 1inea.r solution  is independent of the 
correlations  between 2 1 ,  zci, u j  for all i, j .   In  fact,  the various 
noise sequences need  not  even be  Markov.  We only re- 
quire that  they be  jointly Ga,ussian distributed. 
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Application 2 4 n e - S t e p  Cmzmunicution  Delay Control 
Systems [B] :  Suppose -we have  two coupled linear-discrete 
time-dynamic  systems controlled by ul ( t )  and N ( t ) ,  t = 1, 
2, . . . , N ,  mith the usual  Gaussian  disturbance and noise 
setup. yl(t) and yz(t) are  the noise observations  for the 
system.  Suppose 

Zl(t) = (y1(7), yz(k)[i = 1, 2, * .  -, t; IC = 1, * * ., t - 1) 
z2(t) = {y2(7), y1(IC)]7 = 1, 2, . . ., t ; k  = 1, ., t - 1) 

i.e.,  two  controllers  share  all  past  informa.tionwith  one-step 
communication  delay. The information structure diagram 
of such  a  system will have the appearance of Fig. 5. It is 
by inspection  partially  nested. Hence, if the criterion is 
quadmtic  in  the  state  and control  variables, then  by 
Theorem 2, the optimal  solution is linear.  Furthermore, if 
there  is a  t.hird  linear  system coupled to  the first  system  via 
the second system  as shown in  Fig. 6, then we may con- 
clude that t,he  first  system can tolerate  a  two-step  delay 
in  sharing information  with  t,he third sgst.em. Since 
u3(t - 1) does not a.ffect t,he  information zl(t), we do not 
have to know zg(t - 1) to ma,intain  linearity  of the optimal 
solution. 

Application  3-Hierarchical  Control  System: Suppose a.n 
information steructwe diagram  is  t,hat, of Fig. 7, which in- 
formally  represents  a  chain of commands. Then  under 
linear-quadratic-Gaussian assumptions, the optimal solu- 
tion  is again  linear  without, the need for  lateral cornmumica- 
tion. 

Roughly  speaking, the implication of Theorem 2, is that, 
i f  a DM’S a.ction affects our  information, th.en knowing what 
h.e knows will yield  linear O p i ? i 7 ? ~ d  solutions. 

Application &-Tuw-Pe~son Zero-Sum  Multistage Ganzes: 
In  the usual formula.tion of LQG zero-sum decision games, 
we have 

Zi+l = + Dluli + D ~ u z ~  + ~ 2 ,  i = I, * . * 7 N (34) 

YZ‘ = H1xi + ~ 2 ’  

yf2 = H~xZ  + p i 2 ,  i = 1, . * ., N (35) 

Z f l  = {?Jj’ l j  I i] 
zi2 = {y& _< i}, i = 1, .., N ,  (36) 

i.e., each  player has perfect memory but does not know the 
other plagrers’ information. 

{l 
J = E 2 ~ N + l T Q X + l ~ X + I  + c ( Z f T Q f X *  

N 

i = l  

+ UliTRluli - ~4r~R2~2i ) ) .  (37) 

This problem does not have  partially  nested  information 
structure. On the  other  hand, since the problem is zero sum 
there  is no cooperation feat.ure in  the problem. Thus  the 
Problem 1 version of the problem is equivalent to that of 
Problem 2. Now, if one assumes a  linear  control  law of the 
type of (20) for  all u z r ,  then P(zj2/zi1) will be Ga,ussian for 
all i, j ,  and t.he partial  derivative t,erms in (17) can be ex- 
plicitly  evaluated. The problem from the viewpoint of 
player  one is then  an LQG dynamic  optimization  problem 
with  partially  nested  information  struct,ure.  Consequently, 
ulf* will have  a  linear  structure of the  type of (20). Now, 
when this control  law for u1 is used again in (17) for ull, -we 
get  the self-consistent result that u z i  is linear.  These  linear 
saddle  point  controls  are  optimal for both players in a 
global sense by  the reason that in  a zero-sum game any 
saddle  point  stra.tegy still be equivalent and intercha.nge- 
a.ble [9]. The details of this a.re best  illust,rated via a  two- 
stage  example where the arithmetic is not  too cumbersome. 

The point, here is that linearity of the opt.imal solution in 
an LQG zero-sum multistage  game  is  primarily  due to  the 
absence of cooperation  and,  only as a seconda,ry matter, 
dependent  on the perfect  nlemory  fea.ture of the players. 

IT. CONCLUSION 
In  this paper we have essentia.lly answered the question 

(‘when does a general linear-quadra,tic-Ga.ussian prob- 
lem have  optimal  linear solut,ions” in the context of 
decentralized multidecision-maker environment.  We  have 
shown the importa.nce of the concept of a  partially  nested 
information  struct.ure diagra.m which enables the reduc- 
tion of a dynamic  problem of a static one. 
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Team Decision Theory and Information Structures 
in Optimal  Control Problems-Part I1 

Absfract-General dynamic team decision  problems with linear 
information structures  and quadratic payoff functions are studied. 
The primitive randomvariables  are jointly  Gaussian. No constraints 
on the information structures are imposed except causality. 

Equivalence relations  in information and  in control functions 
among different  systems  are  developed.  These  equivalence  relations 
aid  in  the solving of many general  problems by relating their solu- 
tions  to  those of the  systems with “perfect memory.” The  latter can 
be  obtained by the  method derived in Part I. A condition is found 
which enables each decision maker  to  infer  the information  available 
to  his precedents, while at the same  time  the controls which will 
affect the information assessed can be proven optimal. When this 
condition fails, upper and lower bounds of the payoff function  can 
still be obtained systematically, and suboptimal controls can  be ob- 
tained. 
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I. INTRODUCTION 

I X Part I of this  paper, Ho and  Chu [l] have discussed 
the information  struct,ures  in a. general organization  and 

t.heir relation to  team decision problems. It. is found that 
in a general causal system a part.ially ordered  precedence 
relation { can  be defined among all the members. This 
precedence  relation then specifies tjhe  nature of the solu- 
tion. 

A linear-quadrat,ic-Gaussian (LQG) t.eam problem (Q, 
S, c, Hi, DiiIi, j = 1, . . -, N )  is an opt.imal dccision prob- 
lem  with payoff function 

J = E [ $ ]  = E[$UT&U + UTE.$ + uTc] (1) 

where uT = (ul , . , uAvT) and ui is the  action varia.ble of 
team member i; matrices Q ,  S and  vector c are fixed and 
of appropriate dimensions, Q is symmetric positive defi- 
nite; t.he random  variable of the  external world .$ is u priori 
Gaussian  with dist.ribution N ( 0 ,  X). The  information zf 

T 


