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The Witsenhausen Counterexample: A Hierarchical
Search Approach for Nonconvex
Optimization Problems

Jonathan T. Lee, Edward Lau, and Yu-Chi (Larry), Hde Fellow, IEEE

Abstract—The Witsenhausens counterexample is a difficult we summarize the knowledge gained in the solution process
nonconvex functional optimization problem which has been which applies to other problems that involve searching optimal

outstanding for more than 30 years. Considerable amount of gqtion in a large space. We shall conclude in Section VI.
literature has been accumulated, but optimal solutions remain

elusive. In this paper, we develop a framework that allows us to A The Witsenh C ¢ |
gain additional new insights to the properties of a better solution - ' N€ Wilsénhausen Lounterexample

for a benchmark instance. Th(r)ough our approach, we are able to  Team decision problems [9] arise in many engineering and
zero in on a solution that is 13% better than the previously known economic systems that typically involve a number of players

best solution, and more than 54% better than previous results ) . S
obtained by other authors. More importantly, we demonstrate who are decentralized via some communication channels. Each

that our approach, called Hierarchical Search, can be useful in Player chooses actions based on the information received from

general optimization problems. other players so as to minimize a common cost objective.
Index Terms—Functional optimization, hierarchical search, 1he important feature that characterizes the difficulty of this
Witsenhausen counterexample. problem is the information structure shared among all players.

With classical information structutelater player has access
to accurate information and histories about the observations
and actions of earlier players. In the linear quadratic Gaussian
HE Witsenhausen counterexample [22] has been o(t-QG) team problem, it is well-known that classical informa-
standing for more than 30 years. In this paper, througion pattern enables linear optimal solutions, i.e., the actions
numerical means, we are able to gain insights about tteken by each player are an affine function of the available
relationship between the cost terms. The understanding ioformation. Meanwhile, a team decision problem donning
the cost terms gives us a framework to optimize our solutiononclassical information structureeven if the problem is of
Ultimately, we are able to arrive at a solution that is better thahe LQG type, has stood as a challenge to researchers for many
any other solution previously known. The outline of the papgears? By nonclassical information structure, we mean that
is described as follows. any information received by any earlier players is not available
First, we offer a brief background on the Witsenhausean any later players. An outstanding case of this kind is the
counterexample and a summary of some past attempts.Witsenhausens counterexamff2€], which involves only two
Section II, we consider a special class of functions—namebyayers.
the step functions—to represent the possible solutions to theThe common cost objective for the Witsenhausen counterex-
counterexamplé.We reformulate the cost terms based on themple is
step function framework, which results in a cost objective that
is much easier to evaluate. Based on our reformulation of the min J = EE*u] + (z + w1 — u2)’] (1)
problem, we present our empirical results and insights, which ()
provide us with the means to zero in on a superior solution where
Section lll. In Section 1V, we attempt to quantify the quality = ~ N(0, o%);
of our solution using results from order statistics. In addition, % constant;
we compare our solution to solutions obtained by other authorsu; = v (¥;), (i = 1, 2) action functions chosen by player
that have yield major improvement, historically. Subsequently, 1.
The information functiong; andy. are given by

. INTRODUCTION
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who is able to act without cost considerations cannot compeaiayer one because of the incurred expense. Howeveis guf-
sate player one’s action because of the corrupted informatiorfiafently small, then the signaling idea is potentially attracfive.
x + w1 by noiser. Despite the LQG nature, this nonclassicabpecifically, fork = 1/0 andk is small, Witsenhausen has sug-
information structure turns the problem into a nonconvex ogestedf(z) = f..(x) to be the signed constant function
timization problem in the functional space [i.ey,(e), v2(e)]
[see (5)]. The optimal solution has been proven not to be of the fw(z) =osgn(z)  gw(y) = otanh(oy) (7)
affine type in Witsenhausens original paper, whereas existence - . . .
of and conditions for optimum have been determined [22]. Sh an_dgw(_y) — 9 (Y] fw) i deterrrnr}ed acco_rdlng_ to (4)_above.
. . . o ith this choice off, player two’s information will be either a
of the linearity results, this counterexample has invited many "f‘t' o . :
. : : drge positive or large negative number most of the time-
tempts in the past three decades, yet optimal solution remain

elusive. In Ho and Chang [8], a discrete version of the proble?r?d —o + v, respectively). The cost shouldered by player one

is introduced which admits convex optimization over a severe'ﬁ/g'ven by
complicated set of constrained coefficients. This discrete for- = B
mulation has been later proven NP-complete by Papadimitriou 2k* o (1 -E H—H) = 2k%0? <1 - —)
and Tsitsiklis [19F ¢ g
Prohibitive as it seems, improve_men'_[s from the linear solutigfh 4 the overall cost objective value is bounded by
have been reported following thegnaling concept proposed
by Witsenhausen [22]. We shall explain the signaling idea here. 5 9 2 V2T 1
First, let us rewrite (1) according to the transformatjiz) = I(fw, gw) S2k707 | 1=/ = R ¢ <E> :
z+71(2), 9(y) = v2(),
. ) ) ) Fork — 0 ando = 1/k, the above bound approaches to only
o) a(e) J(f, 9) = Elk™(z = f(2))"+(f(«) =9(f (@) +¥))°]-  player one's cost which has a value.bf = 0.404 230878, as
(3) reported by Witsenhausen [22]. On the other hand(if) is
For given f(z) satisfying E[f(z)] = 0 andVar[f(z)] < 402 chosen to be affine im, then the best solution is given by
(cf. [22, Lemma 1]} Witsenhausen has shown that timal

choice ofg(e) is given by Jappine =X g Wlfassine) = X'z
“lf) = Elf(x)p(y — f(x)] @ where \* = (1 £ /1 —2k?)/2. The overall cost objective
I = T Blo(y — f()] is J;fine — 1.0ask — 0, clearly dominated by/w-. Re-

_ _ _ cently, Bagliettoet al. [1] reported the ranges and combina-
where¢(e) is the standard Gaussian density. The correspondifi§ns of k ando such that best affine solutions are dominated

objective value becomes by the signaling solutions proposed by Witsenhausen [see (7)].
Essentially, the value df falls into small values. These problem
_ 12 _ 2 _
J(f) =K El(z — f(=))7]+1 - I(Dy) ®) instances constitute the most challenging and difficult collec-
where tion. However, more importantly, this counterexample demon-
strates that linear solution is not always optimal in LQG prob-
2 . . . .
I(Dy) = / d ) dy ©6) lems. It depends on the inherent information structure serving
! dy 7 D(y) the players.
is called theFisher informationof the random variable = B, Past Attempts

J(@) + v with densityD(y). The problem is then converted to Since Witsenhausens publication in [22], the signaling con-

minimizing over a single function, namel§(x).5 We can also ! . . . .
g g W) ceé:)t has been refined via three major avenues: 1) information

see from (5) Fhe nonconvex natur_e of the cos_t function becal{ﬁeory; 2) function approximation; and 3) sampling and search
of the convexity of Fisher information [4]Now, in order to help technique. As it will be shown in later sections, this paper fur-

player two distinguish the action of player one from noise Co{ﬁers the major improvement based on 3), but we shall briefly
ruption, player one could stratif§(«) based on the character- . '
report efforts in 1) and 2) as follows.

istics ofx andr (essentially their variances) so that player two Taking an information theoretic viewpoint, Banal and

WOL!Id be Iegs Ilkely_to be mistaken. Effectively, th'.s enha_nc%sasar [2] have optimized the signaling levelfip(x) from o to
the information received by player two as reflected in the Flshs_r\/z/—7r and the asymptotic best performance is improved from

information term. This is, of course, not to the best interest 9f 0.404230878 t0 J* 0.363. Another interesting
w = . BB — . .

3In general, the search space in a decision problem can be horrendously laigterpretation of signaling using information theory is reported
|U]'¥" where|U]| is cardinality of the action/decision afiil| is the cardinality i Mitter and Sahai [18]. They have shown that the solution of

of the information space. Without exploiting any useful structure, such problems . . ST . .
can easily fall into the NP-complete class. e signaling type is infinitely better than the linear solution

4Witsenhausen [22] has shown that the optiffial) has to exhibit these prop- IN the limiting case whet — 0 ando = 1/k. As for the
erties. function approximation approach, Bagliettbal.[1] have used

°The notation/ is slightly abused here, from (3)(5), singés completely  an artificial neural network representation to moglet). They
defined byf as in (5).

6The Fisher informatiod (D ) is convex [4]. Thereforel, — I(D ) is con- “Later on, we will take advantage of this idea during the construction of our
cave. The sum of convex and concave functionals may not be convex. initial solutions.
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Fig. 1. A 2-step function parametrized by, bz, wy, w-.

have trained a neural network by means of stochastic approxiin the class of step functions, Deng and Ho [7] have studied
mation technique, and obtained results that are comparabléhe subclasses of 1-, 2-, 3-, 4-, 5-, and 10-step functions. For
those of Bansal and Basar [2]. More interestingly, the neumhch of the subclasses, a population of candidate solutions is
network results shown by Bagliettet al. demonstrate that uniformly generated and put to simulation so as to tally the un-
the optimal f/*(x) may not be strictly piecewise constant butlerlyingperformance distribution functiofpdf). The technique
slightly sloped. This is an important finding, but, neverthelesef ordinal optimization(OO) is employed. It is a method which
it has not been mentioned in [2] or any other work formerlgan locate better solutions with high probability based on rough
reported! Our results in this paper will show that@ ) that has estimates (e.g., by running shorter Monte Carlo simulations) of
a slightly sloped piece between discontinuities, approximatdte cost function over an array of possible design alternatives
by a series of small steps, performs better thaf(:a) that is (e.g., 1000 differenf(e) functions). In other words, OO allows
strictly piecewise constant one. We shall offer explanatioisem to evaluate the goodness of a population of designs approx-
based on the cost inefficiencies faced by player two. Our woitkately but quantifiably. (For more information on the concepts,
is inspired by the major numerical advance reported in Detigeoretical results and applications of OO, please refer to [7],
and Ho [7]. [10], [15] and [24].) In Deng and Ho's investigation, they have

It should be emphasized again that solving this counterediscovered that the pdf associated with the subclass of 2-step
ample amounts to finding the best signaling scheme via ndonctions has higher proportion of “good solutions” compared
linear representation of (x).8 Deng and Ho [7] have taken to the pdf associated with all other subclasses. As a result, the
a considerably different approach by examining the distrib@-step functions are put into a more in-depth investigation, and
tion of performance in the solution space. More precisely, theyentually they have found a signaling scheme that outperforms
have employed for the nonlinear representatiory @f)—the all previously reported results by a great margin
step functions—parametrizable by a number of break points and

signaling levels, respectively, denoted g andw’s in this —9.048 z < —6.41

paper. For example, the step functifm («) proposed by Wit- _3168 —641<xz<0
senhausen is a 1-step function—single breakpbisat 0, and fou(x) = - (8)
signaling levekw = o. (In Deng and Ho [7].f(x)s are con- 3.168 0=z <641

structed to be odd functions, i.¢.(x) = — f(—z). Therefore, 9.048 x> 6.41.

the number of steps is counted only in the positive domain of

z.) A 2-step function will have two breakpoints andb, in  In our notations, the breakpoints dre= 0, b, = 6.41 and the

the positivez-axis and two signaling levels; andw, in the signaling levels arev; = 3.168, w, = 9.048 (see Fig. 1). The
positive f-axis (see Fig. 19.Notice that step functions allow corresponding cost objective is measuredat; = 0.1901!10

us to approximate any bounded piecewise continuous functipem understand such a great margin of improvement, notice that
over a compact interval to any degree of predefined accurathe signaling scheme in (8) allows player one to send four mes-
given that a large enough number of steps is used (whether &@ges, i.e., more positie ), less positivew, ), less negative

is meant for signaling or not, cf. Section I-A. Later in Sec{—w;) and more negative-w- ). Hence, there is a reduction in
tion Ill, we will show that it is only necessary to investigatehe magnitude of{— fpz(x)). Meanwhile, the signaling levels
solutions that are finitely supported. This fact together with there placed sufficiently far apart so that player two can still distin-
continuity property of/ (with respect to the parameters) ensurguish player one’s messages with small errors, i.e., large Fisher
that the step function representation will not miss the global opformation.

timum.
o . 10The problem instance consideredtis= 0.2 ande = 1/k = 5. Thisis also
8We shall elaborate on this in Section 11I-C. the benchmark case for the Witsenhausen counterexample, and a case mainly
9Due to the symmetry about the origin, the first breakpoint is always zerfcused in this paper. The valdg, ; = 0.1901 is obtained using Monte Carlo
ie,bi = 0. simulation method. The associated standard deviation is 0.01.
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Fig. 2. A 1.5-step function.

In this paper, we examine this signaling scheme in a genepaiper. Notice that the class of step functions can approximate
framework—we consider the classmfstep functions for rep- any target function satisfying certain regularity conditions, e.g.,
resentingf(z). By focusing on step functions fgi{x), we de- piecewise continuous, to any degree of accuracy when sufficient
rive analytical expressions fg¥ (y| f) and the cost functional number of breakpointd’s and signaling levels’'s are given.
using only the parameters of breakpoititsand signaling levels Furthermore, it can be shown that the objective functiois
w’s. This will be shown in Section Il. In Section I, throughcontinuous with respect to the parametéssandw’s (see Ap-

a benchmark instance of the Witsenhausen counterexample pgadix I). This assures us that if a step function closely approx-
analyze the effects of the breakpoints and signaling levels to iheates the global optimum, the objective value of this candidate
stage one and stage two costS his is done by means of nar-solution is going to be near the objective value associated with
rowing down the domain and range ffz). We determine what the global optimum. Therefore, by focusing on the class of step
may constitute the best number of steps and also the paramefignstions, we will not leave out the global optimum during our
of f(«) for the benchmark instance. In addition, by means skarch but up to numerical accuracy.

the step function formulation, we examine more closely the costBefore we start to formulate the problem using step functions,
terms and arrive at a surprising and new finding—step functiottee following are the assumptions on the optirfi&{-):

that resemble piecewise linear functions outperform the purely 1) f*(-) is symmetric about the origin;

leveled step functions. More importantly, the approach under- 2) f*(-) is monotone nondecreasing.

taken in this paper can serve as a model for determining q#roperty 1 is based on [22, Lemma 1] thgftf* ()] = 0. (See
timal solutions to other problem instances of the Witsenhausgppendix 111 for more rationale of this assumption.) Property 2
problem. Thus, results of this paper can be viewed as a challeggyoven by Witsenhausen in [22, Lemma 7]. These properties
to additional understanding and meaningful improvement of thigs us to narrow down in the solution space of all one-dimen-
solution, continuing the tradition established for this problegjonaj functions in our search. Unless otherwise stated, we will

for the past 3@- years. _ _be considering in this paper only thoger) which exhibit these
In Section IV, we compare our solution to the ones whichygperties.

have yield major improvement, historically, on the Witsen-
hausen problem. To contrast, for the benchmark instance, @ur“Half’ Step Functions
policy is 13% better than the previously known best. To further
substantiate the quality of our solution, we also justify our,
solution from the sampling point of view. We employ the theor

of order statistics that provides us the probabilistic assurané

as shown in Section IV-A, 2-step functiory (x) is in fact having four steps in the entire do-

trll_ast,_tv_vhlle our SEOIUE['.Ont'S S|gn|f|c§1ntly bettlert_ than an ain of f(z). Notice thatitis possible to have arstep function
others, it is more instructive to summarize our solution proceggyy, .o first signaling level to be zero, i.as, = 0. By sym-

]Icn p?rtlcullar,t_vvg sgggest SI hlera_rrchhlcal apr[]) roach fo; gebn?f:ﬁ‘ try, the first step in the positive domain is actually “half” of a
unctional optimization problems. The search process for be g%p about the origin (see Fig. 2 below). To distinguish this type
solutions comprises of three mutually supportive componeng‘f,stelo functions, we denote it as.5-step” function. Fig. 2

pamgly,goal spftening specializingand learning The work cqptains an example of a 1.5-step function. Note that a 0.5-step

in this Paper IS an example of such a process and we Sf}ﬁcu]ction is the same af(x) = 0, for all z. As for indexing,

elaborate in Section V. we adopt the convention that the breakpoints are labeled from
t=1, ..., |n+0.5] for an “n-step” or “n.5-step” function.

Given thatf(z) is an odd function, it is symmetric about the
igin and can be completely defined by specifying only in the
ositive domain. Thus, the number of steps of such an odd func-
Bh is counted only in the positive domain. In this fashion, a

Il. PROBLEM FORMULATION

The results reported in Deng and Ho [7] suggest that stBp Problem Formulation
functions can help reducing the overall cost objective by a greatThe version of the Witsenhausen counterexample considered
margin. We decide to pursue the step functions further in thisthis paper can be formally stated as follows:

1we use the termglayer one’s cosandstage one costnd the termglayer : _ 20 2 % 2
two’s costandstage two cosinterchangeably. Ifréugl J(f) - E[k (a: f(a:)) + (f(a:) g (f(a:) + l/)) ]
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where we have
z ~ N(0, o?);
k = 1/0" " 2
' e WE2[ WY — Wi .
v~ N(0, 1); sze [e¥ — e=wiV]u,
C] set of all nondecreasing step functions. 9(y) = Z:;
Notice that an instance is completely specified by the value of Zpie—w?/Q[ewiy + e—wiv]

whenk = 1/0. The optimal response of player twgi(f + 1),
is given by Witsenhausen as shown in (4). Given that) is
a step function, we can derive the closed-form expression 8y writing [e¥¥ — Y] = 2sinh(w;y) and[e¥ ¥ +e~wiY] =
g*(f +v). The cost terms itf (f) based on step functiohand 2 cosh(w,y), we get
corresponding™ will be shown subsequently.

1) Expression for*(y): An n-step functionf(x) is param- n
etrized by g2n+1)-tuple (v; by, ..., by wy, ..., wy,), andfor Zpid)(wi) sinh(w;y)w;

=1

itis nondecreasing then we hate= b; < b, < --- < b, < © g(y) = i=1
and0 < w; < wy < --- < w, < oo. The functionf(z) can be -
written as > _pid(wi) cosh(wiy)
=1
n—1
flz) = —w, + Z(w“rl — w)T(x + biyy) + 2w I(z) Now that we have a closed-from expressiondty), no longer
= do we need to evaluatgy) by simulation [due to the expecta-

n—1 tions in (4)], which could be costly.
+ Z(wﬂrl —w ) T(x — bj1) 2) Expression for the Cost Tertt(f): Sincef(x) is a step
i=1 function, it is easy to compute the stage one expected cost, i.e.,

where T'(e) is the standard unit-step function. Notice FE[(z — f(x))?]
that the image of f(z) has only 2n point masses at

i 2 n 2 b2
—Wyy ., — . w,. Th r iliti h =1— , (N I i+l
Wy ooy =WL, WL, - Wh e probabilites at these 1 — Zw [exp <202> exp<202>}
point masses are, respectivaly, ..., p1, p1, - - -, Pn, Where v i=1
biit +23 pikPwi. (10)
pi = / B(s; 0, 02) ds i=1
b;

_1 <erf < bi+1 )—erf < bi )) fori — 1 ., Now, let us bring in the expression for the probability density
2 NG V202 Y function ofy, i.e., D;(y). Sincey = f(z) + v, thenD;(y) is
the convolution of the point masses ffz) and the density of
andb, 11 = oo, ¢(e; 0, ?) is a Gaussian density with mearv, which gives [recall that ~ N (0, 1)]
zero and variance?, anderf(e) is the standard error function.

Using the optimal form provided by Witsenhausen [22] and let n
y = f + v, we have Dyy) = 2V2rd(y) > pip(w;) cosh(wyy).  (11)

i=1

gy) =g"Wlf) =

Eulf(@)ély = f(w))]. (9) Unfortunately, even equipped with the knowledgedf(y),
Eelp(y — f())] there is still no closed-form expression for the Fisher informa-

tion of y. Therefore, the second stage expected &6f () —

g(f(x) +W))?] has to be computed by inserting Equation (11)

into (6) which is then numerically integrated. Combining (10)

_ zn:piwid)(y 4w + i:piwﬂ/)(y —w) and the numerical result of the Fisher informationpive have
=1 =1

Expanding the numerator gfy), we get

a way to evaluate the objective value

and, similarly, the denominator 2 - b? b§+1
J(f):{l_—z:wi |:exp<—7’ )—exp(
n N Voro2 prt 202 202
;Pi¢(y+wi) +;pi¢(y—wi). —i—ZZpikaiQ} +{1—I(D;)} (12)
i=1

Making the following substitution for any givenf(z) being a step function,

Another property of the cost function is that it is contin-
1 v’ w] ith t to th ters of the step function, i
Py — w;) = exp | =L +wy— 2 uous with respect to the parameters of the step function, i.e.,
V2 2 (b1, ..., bp; wi, ..., wy), Which is shown in Appendix I. We

2
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TABLE | is what allows both Deng and Ho [7] and us to search directly
COST FORVARIOUS BREAKPOINTS in the space of step functions.
Stage 1 Cost Stage 2 Cost Total Cost
b, = 441 0203898117969  0.056907689938  0.260805807906 IIl. EMPIRICAL RESULTS AND INSIGHTS
b, =641 (DH) 0.139488401953 0.053072896985 0.192561298938
b, =841 0.200258857650  0.045308479077  0.245567336727 Based on the framework developed above, the problem be-
comes identifying what signal$,( w;), i« = 1, ..., n, to be
sent so as to minimize player one’s cost and to maximize the
TABLE I

CosT OFBEST f() FOUND DURING THE INITIAL SEARCH

Fisher information ory + ». During our investigation, we have
focused our attention on the benchmark instance whete5
andk = 0.2. We implemented a form of the scatter search tech-

n-step Stage 1 Cost Stage 2 Cost Total Cost : . ) )
05step 1.0 00 10 nigue (see Appendix Il) to achieve local improvements from a
lstep 0363530423422  0.001299586561  0.364830009984 ; i ; : ;
1.5-step 0.198843219950 0013408849464  0.212252069424 given candidate solution. Mqre importantly, asinmany search
2-step  0.151787982368  0.025679977982  0.177467960350 methods, knowledge pertaining to the specific problem should
25-step  0.142795089815  0.029190918087  0.171986007302 be exploited in the construction of (initial) solutions. Our pur-
3-step  0.140802490172  0.030763466092  0.171655956264 o : ) ) .
35.step 0142122494792  0.029272149650  0.171394644442 pose here is to identify some prominent features using empirical
4-step  0.140834875577  0.030792110476  0.171626986053 data in our study. These features include
4.5-step 0142073541452 0.020453477715 0171527019167 ) o . ,

1) location of breakpoints;’s with respect to the signaling

levelsw;'s;
TABLE Il 2) coverage of the domain and rangefdi:).

CosTt OFBESTf(.T) FOUND IN THE BOUNDED DOMAIN AND RANGE

We will be utilizing these features to construct initial solutions,
which are then iterated by the scatter search technique. Subse-

n-step Stage 1 Cost Stage 2 Cost Total Cost _ - - - .

0.5-step L0 0.0 10 quently, our analysis will be in two folds: we first determine how
1-step (B&B [2]) 0.363380227653 0.001634601425 0.365014829078 . .

1.5-step 0.198843219959 0.013408849464 0.212252069424 many steps will strike the best balance between the player one
2-step 0.151787982368 0.025679977982 0.177467960350 H H - H :
2 5aep 0142795089815 0029190918087 0 171986007502 and player two costs, then we examine the cost inefficiencies in
3-step 0.140892490172 0.030763466092 0.171655956264 each stage for further improvements.

3.5-step 0.142122494792 0.029272149650 0.171394644442

4-step 0.140834875577 0.030792110476 0.171626986053

4.5-step 0.142073541452 0.029453477715 0.171527019167 H

S-step 0.110208380868 0.087097601191 0.197305982060 A. Placement of Breakpoints

5.5-ste- 0.090133335704 0.167843992337 0.257977328041 - . . . .
Satep 0.073633338722 0.280781920757 0.354415250478 Our first observation is that the location of breakpoints
6.5-step 0.061633339960 0.399569880799 0.461203220759 ShOU'd be approximately the average Of the two adjacent

signaling levels. This means thét ~ (w;—; + w;)/2, for
1 < 2 (recall thath; = 0 due to symmetry). To see this, notice
that player one’s cost i? E[(x — f(x))?]. Suppose player one
had focused solely on the stage one cost term, it is then straight
forward to show that theptimal breakpointh; for player one
is exactly at(w;—1 + w;)/2. However, in view of the cost
The formulation in the previous section allows us to numershouldered by player two, the breakpoints are in general not
cally evaluate the cost objective instead of estimating it by simegxactly the average of the adjacent signaling levels but this may
lation. Typically, it may take up to 3—4 h using Monte Carlo simserve well as the initial solution for search purpose.
ulation to get a single cost estimate with standard deviation ofTo illustrate this further, we take the best 2-step function
0.0001 for one particulaf(z).12 Now, we can compute the costreport in Deng and Ho [7], and we vary the breakpoint from
objective of 5000 2-step functions in about 40 s with a choidg = 6.41 to 4.41 and to 8.41, while keeping the adjacent sig-
of integration step size of 0.05 (the accuracy in the numeriaaling levelsw; = 3.168 andw, = 9.048 unchanged4 We
integration is within an order of I¥¥). In other words, with compare the cost objectives in these three cases in Table |.
the new computational scheme, we only need 1/1 350000 tM#ere is a significant increase in the stage one cost when the
amount of time to compute the performance index associaig@akpoint is moved to the left or to the right of the breakpoint
with one f () to the same degree of accuracy. This allows us t3 = 6.41. This can be easily seen in the increased magnitude of
evaluate a lot more designs in a shorter period of time. (z— f(x)), asin Fig. 3. Notice that the changes in stage two cost
To contrast the computational scheme using ordinal optimizare less pronounced compared to that of stage one. Therefore,
tion in Deng and Ho [7], they use short Monte Carlo simulatiorisis reasonable to embark the search by locating breakpoints
to obtain quick but “rough” estimates of the cost objective. Oaround the average of the two adjacent signaling levels. What
the other hand, we use approximate cost objective associatggains to be determined is the placement of signaling levels.
with eachf(x).13 The commonality between the two computa-

tional schemes is that both are fast. The computational speed-up
INotice thath, = 6.41 is greater that the average eff = 3.168 and
12This is done on a SUN Sparc 20 workstation. wy = 9.048.
13accuracy of the scheme depends on the algorithm used to numerically evall>Entries in the row, = 6.41 (DH) are calculated by numerical integration
uate the integral of the Fisher information term as well as the number of sigréfs derived in Section II. They differ from the simulation results reported in Deng
icant digits in the computer. and Ho [7] but only for a small margin.

shall utilize this property in our search of optiméi(z) in the
later sections.

C. A Note on Computational Savings
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Fig. 4. Origin of mis-identification error for signat; = 0 [f(x) is a 3.5-step function here].

B. Coverage obomain and Range of(x) Then, for each of these step functions, we improve locally using

Table Il summarizes some preliminary results in our initiaicatter search technique. .
study. We begin by successively adding frgffw) = 0 (i.e. One observation from Table Il is that as the number of steps
a O_S_Step function) Signa”ng levels with equa| Separaﬂ@ns]ncreases, the total cost starts to converge around 0.1715. In

(For the benchmark instanee= 5, the separation is about 3.0.)View of the probability distribution of, i.e., N(0, %), when
defining one more step fof(x) beyond the domaifi-50, 50]

1®Equal separation between adjacent steps is only imposed during the cfire,, [—25, 25] in this case), the effects of this extra step to the

struct of an initial design. There is a large enough separation between adjacent e , L
signals thus to insure the Fisher information terms is maximized. Hence, alovpénrObab'“ty masses af;'s and the overall cost objective are by

stage two cost will result. and large very insignificant. Therefore, the total costs become
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Fig. 5. Comparing the regions of correct identification for 1.5-, 3.5-, and 5.5-step functions (figure not drawn to scale).

numerically indistinguishable. In addition, Witsenhausen haseases the chance that a signal is being misidentified which will
shown that the optimaf*(z) must satisfyF[(f*(z))?] < 402 in turn cost player two.

(cf.[22, Lemma 1]). As a result, we are going to study step func- To illustrate further, we can examine the stage two cost again
tions in a bounded domain and range in the next section.  in (13) [p; is the probability off () = w;].

C. Step Functions in the Bounded Domain and Range E[f(z)— g(f(z)+)]? =2 zn:piE”[wi — g(w; +1)]%. (13)
=1

In this section, we investigate differefitz)s by adding more

S|gnaI.|ng levels into the range pf 50, 50]. We also pay special onsider the case when= 1 andw; = 0 (i.e., the first sig-
attention to the trade-offs between the stage one and stage WO o level of an 5 tep funct the misidentificati
cost terms when more steps are inserted. It is then possible. gyng ‘evel of an.o-step func ion), the misidentification error
us to narrow down the appropriate number of steps that strik'gsStage two is given by
the best balance between two stages. Table Ill summarizes our
finding. Each row in the table is constructed from an initial solu- p1E[(wn — glwi +1))*] =p1 B, [g°(v)]
tion but local improvements are made by means of scatter search —p /Oo P g2 dv
technique. ! oo

A direct consequence of inserting more signals is that they
are “crowding up” the bounded range as the number of stepsivherer ~ N(0, 1) is the noise in the channel. Fig. 4 shows the
creases. On one hand, this reduces the stage one cost as shegion of correct identification and origin of error for the case
in the second column in Table Ill. Since the breakpoints acé the best 3.5-step in Table 1ll. The stage two cost is incurred
around the average of adjacent signaling levels, when more stepthe area where(») is not zero, i.e., away from the region
are insertedf(x) as a step function will zig-zag more closelyof the correct identification. After squaring the error terms, they
aroundz, i.e., f(z) better approximates. Hence, the first stage are then weighted by the density functionop(v). If there are
costk?E[(x — f(x))?] is decreased. On the other hand, whefewer number of steps, then the region of correctidentification is
more signals are sent by player one in the bounded range, plagrelarged. On the other hand, more steps would shrink the region.
two will have more difficulties in discerning different signalsThis can be seen in Fig. 5 where the ) functions for the
because of the decreased separation and the underlying obsest 1.5-, 3.5- and 5.5-step functions are plotted. As the number
vation noisev. In fact, this more refined signaling scheme inef steps increases, the region of correct identification shrinks,
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Fig. 6. Best 3.5-step function.

and the error of mis-identifying the signal, = 0 increases. function is slightly sloped in each of the steps, the cost objec-
The same argument applies to other signaling leuglsi > tive can be further improved from those which have perfectly
1. Overall speaking, the stage two cost increases despite betgeled steps. As we shall see momentarily, this improvement
approximation ofc by f(x) in stage two. originates from the quadratic nature of the cost terms in the two
Therefore, in order to bring down the stage two cost, it is dstages. Let us pursue the idea of slightly sloped step functions
sirable to create greater separations between the adjacent faigt. In order to make use of the step function formulation devel-
naling levels. Fewer number of steps in a bounded range fiped in Section I, we need to approximate the slightly sloped
f(z) will allow greater separations. However, as we have sesteps accordingly. We take the best 3.5-step function in the last
earlier, this results in poorer approximationzofind increases section [i.e., (14)], and break each of the 3.5 steps into smaller
the stage one cost. Finding the optinfa(x) in the class of step staircase-like segments which “track” each original signal in an
functions thus amounts to finding the optimal number of stefiscreasing fashion. We also simplify the insertions to be equally
in f(x) and their placements so as to balance the tradeoffs spaced, both horizontally and vertically, so that the segments
tween the first and second stage costs. appear to increase “linearly” (see Fig. 7). The insertions are at
From the numerical results in Table I, the 3.5-step seemsdistance’ from the signaling level and from each successive
to strike the best balance between the trade-offs in minimizisggment. The value éfis optimized at each signaling level over
stage one and stage two costs. Thus, the signaling scheme allthesnumber of segments added. Our observations are shown in
player one to send seven signals to player two, i.e., large ne@able 1V; the more the number of segments in each step, the
tive (—19.9), medium negative{(13.2), small negative{6.5), lower the total cost measured. It turns out that more improve-
zero, small positive (6.5), medium positive (13.2) and large pasients can be made by carefully adding segments to a perfectly
itive (19.9). Equation (14) below defines the best 3.5-step funleveled step. When the number of insertion increases, the col-
tion that we have found [due to symmetpi(z) is only shown lection of segments gradually approaches a slightly sloped line

for x > 0]. Fig. 6 shows a plot of (14) segment.
To understand these improvements, we need to review the na-
0 0<z<325 ture of the cost components[(x — f(x))?] and E[(f(z) —
6.5 3.25<x < 9.90 g*(f(z) + ))?]; both of them are second order polynomials
flz)= - (14) inz, f, andg*. For a quadratic function, the further away it is
132 9.90= % <16.65 from its extremum, the higher the rate of change of the function
19.9 16.65 < z. in magnitude. For the 3.5-step function shown in (13), the stage

one costis alot higher than the stage two cost. By breaking down
) ] . ) each signaling level into smaller segments of increasing values,
D. Toward Piecewise Linear Step Functions

. . 17Due to the continuity property of with respect to the breakpoints and
Can we still do better? In our earlier attempt to solve th@e signaling values, there is no loss of generality to approximate the slightly

Witsenhausen counterexample, it has been found that if a sé@pped steps by a step function.
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Fig. 7. Breaking up a “leveled” steps into five segments.

TABLE IV
REFINEMENT OVER 3.5-STEPS BY INSERTING STAIRCASE-LIKE SEGMENTS

Total Cost
0.171394644442

Stage 2 Cost
0.029272149650

Stage 1 Cost
0.142122494792

Leveled

2 segments 0.135703004561 0.032581407191 0.168284411752
3 segments 0.134133682395 0.033489499564 0.167623181960
4 segments 0.132521124885 0.034876169908 0.167397294793

5 seg ] 0.131884081844 0.035429123524 0.167313205368

726 825 9.25

linear function as discussed in this section. This neural network
allows Bagliettoet al. [1] to report better results than that of
Banal and Basar [2], mainly due to the sloped effect and the
reason we have just outlingdHowever, it seems that the neural
network approach cannot be easily modified to arrive at a mul-
tistep function proposed in this paper, unless a clever topology
can be devised.

the stage one cost decreases because this reduces the absolute IV. COMPARISON TO THEHISTORICAL ATTEMPTS

differences between and f(x). Since the cost components are gy means of the step function formulation in the previous
quadratic, the reduction in the stage one cost outweighs the dawtions. we have achieved the following.

crease in the stage two cost. Therefore, we can still edge in morel)
improvements in the overall cost.

One might wonder if the finding above contradicts our ear-
lier insight that too many signals will confuse player two. The
answer is no. The addition of these segmentsaisthe same
as adding more signaling steps because of the segments’ prox-
imity. Since player two has a noisy observation, the little seg-
ments with similar values will be perceived as one signal over a
noisy channel. The small variations between the small segments
will be smudged by noise. Given that each cluster of small seg-
ments have large separation between them, player two will still
be able to distinguish the different signals.

It is also appropriate to contrast our findings here with those
reported by Bagliettet al.[1] who have used an artificial neural
network approach for the Witsenhausen counterexample. More
specifically, they have constructed neural networks to serve a )
the nonlinear approximators fof(z) and g(f(z) + v). It is
well known that neural network possesses very good function
approximation properties, and it is widely used in classification
problems. In Bagliette@t al. [1], they have used stochastic ap-
proximation to obtain a neural network f@fx), and the net-

A fast and accurate computational scheme for the total
costJ(f) which eliminates the need of simulation, but
requires numerical methods in evaluating the Fishers in-
formation(Dy) has been acheived.

The insights on the placements of breakpoints and sig-
naling levels that reduce the respective cost components
in stage one and stage two. In particular, breakpoints are
located around the value of the average of adjacent sig-
naling levels so as to bring down the stage one cost. Atotal
of 3.5 signals are placed in a bounded rangé(af) so as

to allow enough separation for player two to discern the
signals in the presence of noise. Furthermore, additional
improvement can be made by adding small segments to
each signal. This is taking advantage of the quadratic na-
ture of the cost terms.

A solution which is at a 13% improvement from the best
solution in Deng and Ho [7], which is 47% better than

18The authors became aware of some new results from Bagtietib after

work output is similar to a one-step slightly sloped piecewisgis paper was accepted for publication. For more information, refer to [26].
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Fig. 8. Historical improvements on the Witsenhausen counterexample (benchmark:2 ando = 5).

the solution found by Banal and Basar [2], i.e., a 3.5-step It is also useful to contrast the historical attempts on the Wit-
function with added segments in each step

(0.00 0.00 <z <0.65
0.05 0.65<x<1.95
010 1.95<xz<3.25
6.40 3.25 <z < 4.58
6.45 458 <x <591
6.50 591 <zx<724
6.55 7.24 <x <857
flx) = (15)
6.60 8.57 <x <9.90
13.10 9.90 <z < 11.25
13.15 11.25< x < 12.60
13.20 12.60 <z < 13.95
13.25 1395 < x < 15.30
13.30 1530 <z < 16.65
L1990 16.65 < x
4) The corresponding total cost is measured
J = 0.167313205338. The added segments fur-

senhausen counterexample which is shown in Fig. 8 for the
benchmarks = 5 and% = 0.2. The horizontal and vertical
axes correspond to the stage one and stage two costs respec-
tively whereas the dashed lines represent the iso-cost contour,
i.e., total cost= stage one cost stage two cost. In the figure,
“W” stands for the total cost published by Witsenhausen in his
original paper [22]. “BB” is the total cost given by 1-step func-
tion found by Banal and Basar [2] which has a signaling level at
ov/2/7. “DH" represents the total cost of the best 2-step func-
tion reported in Deng and Ho [7]. Last, “LLH” marks the total
cost of the best solution found in this paper. These total costs
are also compared in Table 1¥.

As shown by the points marked “W,” “BB,” and “DH” in Fig.
8, we see that historically improvements have been made on
reducing the stage one cost but sacrificing the stage two cost.
Meanwhile, our work has brought both the stage andstage
two costs down, which is possible by identifying 3.5-step pro-
vides the best balance between the two stages, and the addition
of small segments which edge in more improvements in stage
one.

It is obvious that the only possibility to outperform our so-
lution is to improve the stage one or stage two cost, or both.

om the insights gained in our investigation, we argue that the
stage one cost cannot be improved except in the limiting case

ther reduce the stage one cost while the stage two cosf, admitting slightly sloped steps, which can only bring forth

only barely affected. In the limit, these added segme
will produce a slightly sloped piecewise linear solution

for f(x).

arginal and numerical improvements. Similarly, the stage two

19Same as footnote 13.
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Fig. 9. Regression result based on the top 5000 samples out of 20 000 samples.

cost cannot be improved further without elevating the stage ote average. The smallest order statistic is commonly referred
cost, i.e., there is neither room to “sharpen” the signals by ab as theextreme valustatistics.

lowing further separations, nor any reduction in the number of Now, we want to answer the following question: What is the
signals. Thus, results of this paper can be viewed as a challenfance that the best of thede samples will fall into the top

to additional insights and meaningful improvement of the soly% of the entire solution spad®:4? In other words, what is

tion. the probability that the cost value of the best sampled 14-step
function will be lower than th@% population quantile, sag,?
A. Quality of Solution By standard results in order statistics, this probability is given
' byzo

Since our attempt in this paper is nonetheless numerical, it
will be useful to gauge in some way the quality of our solu-

tion. Specifically, we employ results frothe order statistics Prob(performance of the best sampled solutog, )

N
literature. We will first introduce briefly some preliminaries, but =1-(1—-q%)".

readers interested in the theory of order statistics may refer to

David [6]. In this study, we have sampled uniformky = 20 000 different

First, notice that the best solution shown in (15) is in fact in4-step functions from the spa€g.. The best performance of
the category of 14-step functions. Imagine that one had evéiiese 20 000 solutions is measured at 0.203 16. At a confidence
uated all possible solutions in the space of 14-step functiosyel of 0.9999, we solve from the order statistics result above
denoted by®, 4, and tallied all these cost values in a histogranthat this solution is among the top 0.046% of the entire popula-
This can be considered as what is called the “performance déon. In other words, 0.203 16 is an estimate for the top 0.046%
sity function” in Deng and Ho [7]. The histogram serves as thguantile. Meanwhile, the solution posted in (15) has a cost value
performance density function for the spaggs when proper measured at0.167 313 205 338. Therefore, we assert with a con-
normalization is performed. fidence level of 0.9999 that the our best solution in (15) is among

Second, suppose one samples uniformly a collectioV of the top 0.046%, if not better, in the space of 14-step functions
14-step functions from the spa&g,. Each of them is indeed ©,.

a possible solution to the Witsenhausen problem (but probablyFrom the 20000 samples above, we can also predict the
all being suboptimal). When the performances of th¥deinc- quality of our best solution in the space of 14-step functions

tions have been evaluated, they are ordered from the smallegbtq using regression techniques. Since the 20 000 order statis-
the largest, forming a total oV ordered performances. Thesdics on average divide up the performance density function into

ordered performances can be regarded as estimates of all the0 001 equal parts. In other words, the cost value associated
order statistics from the performance density functio®of. It

. . . - . 20Results in order statistics require the underlying density to be continuous,
is known in the literature that thege order statistics divide Up yhich is the case we have here as we show Appendix | the continuity of perfor-

the performance density function int® + 1) equal parts, on mances/ with respect to the parametérsanduw, in the step functions.
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with theith ordered sample on average marks the quantile 100 TABLE V

(:/20001)% of the performance value in the spage,. If we IMPROVEMENT OFCOST OVER TIME

plot the measured cost values associated with the 20 000 Stage 1 Cont Stane 3 Cost e Gt

dered samples in the horizontal axis and plot the evenly spac Wi22] 0.404230878394 0.000022320501 0.404253198895
. . . . . 0.363380227653 0.001634601425 0.365014829078

quantile marks above in the vertical axis, one can think of th pg 7 0.139488401953 0.053072896985 0.192561298938

as an estimate of the “performance distribution function” ¢ .22 0131884081344 9.033422123524 0.1673132053¢8

014 as in Deng and Ho [73t After scaling both the horizontal
and vertical axes, we observe a linear relationship between

the costs and the quantiles in the region of the 5000 samp Ing LQG structure together with the Gaussian channel which

with the smallest cost values.We perform linear regression acilitates the formulation by step functions, especially in the

based on those 5000 data points. The linear regression mof(lée?g:\é?,zznugffgr O(rZTJ]|{f?|eafri1:jstDéci$'fZiJ():lE(|:tf. E)ggcaaziéll\%ﬁ;hgﬂc:us;%u-
predicts that the cost value associated with our best solution " rieuty ;
0.167 313 205 338 is among the top 0.000 205%.000 004%, lation is replaced by numerical integration of the total cost ex-

where 0.000004% represents one standard deviation of p%rse_ssmn. Nevertheless, we are S.t'“ faceq by the second_dn‘fl—
. : . culty—huge search space. This immensity can be seen if one
sible error, in the space of 14-step functighsg,.

discretizes the domain and range of the function to be optimized,
which in our case here if(x). Suppose the domain and range
are discretized to havgX| and |U| points respectively, then

While what we have gained significant insight about the number of possible functions to be searchdd’is*!. For
30-year old puzzle, it is actually more instructive, from amerely|U| = |X| = 100, the search space becomes a sizable
algorithmic point of view, to highlight the search proces300"°°. Papadimitriou and Tsitsiklis [19] have shown that the
conducted throughout this study. In this section, we summarigdiscretized version of Witsenhausen problem is NP-comptete.
our strategy and efforts into a more general framework. In To deal with such a rapid growth of the search space, use of
searching for the global optimum, we employ what we callegl hierarchy can be seen very effective. It breaks down a large
a hierarchical search methodpecifically, we have adopted aproblem into vertically integrated stages of subproblems. This
two- stage hierarchy in this problem. Let us explain as followss synonymous to tactics such as divide-and-conquer or chain of

In the first stage of the hierarchy, we survey a high@ommand. In fact, this may be the only possible way to combat
level question: How many (major) steps are needed®mbinatorial explosion. Hierarchical search also means coars-
We have tested from each subclass ofstep functions, ening the initial solutions and overviewing the landscape of the
n = 0.5, 1, 1.5, ..., 6.5, and discover empirically from datasolution space. In the context of step functions as in this paper,
that 3.5-step functions strike the best balance among othersthié coarsening part is the survey of the number of steps. Pre-
the second stage of the hierarchy, we analyze what goes ipigely, let©,, be the space of the-step functions. Then, one
the cost inefficiencies in each stage, and become convinced it easily see that
the insertion of smaller steps which approximates a slightly
sloped segment is indeed advantageous.

Meanwhile, functional optimization remains as a very chal-
lenging and central area in the study of decision and control.
The most celebrated example is the LQG control problem whi@y first identifying the subspace &3 5, we have come to un-
admits not only closed form solutions but also a handful eferstand the trade-offs between the stage one and stage two
techniques for solving them (e.g., dynamic programming, diosts. Inthis process, we have “learned” more about the problem
rect methods, etc., see Bryson and Ho [3]). We set out in tiisd its solutions. When further examining the quadratic nature
paper with a team decision problem which is LQG in nature baf the cost terms, we are assured that the addition of small seg-
augmented only with the nonclassical information structure, i.@nents contributes positively to reducing the total cost.
noisy communication channel An otherwise exceedingly easy The application of hierarchical search is very wide and less
problem immediately dismisses any former results in the LQ@oblem and constraint dependent. It has been demonstrated in
literature, as vividly pointed out by Witsenhausen [22]. other functional optimization and decision problems as well.

Furthermore, general problems of finding optimal control laWe have solved a one-dimensional (1-D) problem in this paper.
or decision rule are still very difficult, theoretically and compuAnother example is in stock option pricing (Patsis [20]) which
tationally. These difficulties include: 1) evaluation of expecteiiivolve finding optimal exercising strategies as a 1-D functional
cost value and gradients, if applicable, by means of Monte Cagptimization problem. In this piece of work, sampling and
simulations; 2) immense search space caused by, for examptgrch method, and successive narrowing down of search space
curse of dimensionality; and 3) lack of useful structure which lerarchically, have been applied very successfully.
most exemplified by many combinatorial problems and humanMore adept readers would by now ponder: How to construct
made systems (see Ho [12]). In this paper, there is an undemuseful hierarchy for problems in general? Are there any guide-
lines to help the task?

21A performance distribution function tells us what fraction of the space has
a cost less than a specified value. 23Ho and Chu [9] have shown, however, that proper discretization can lead
22The horizontal axis is scaled aslog,,(log,,(cost 4+ 1)). Whereas the to a convex optimization problem, which, unfortunately, is engulfed by a set of
vertical axis is scaled as log,, (quantile). severely imposed constraints.

V. HIERARCHIAL SEARCH METHOD

OpCOLCO;COCO5C---CO14C---.
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In light of our experience in this paper, there are three pro-We have also pointed out the importance of hierarchical
cedural guidelines at worlgoal softening specializing and search in general optimal control and decision problems. In
learning These guidelines are useful not only in the difficultghis paper, we only deal with one dimensional functional
faced in this paper, namely, huge search space, but also wbetimization but higher dimensional problems remain as a
evaluation of cost objective is subject to heavy noise/impredhallenge. We have outlined three procedural components
sion, and when the underlying structure of a problem is nfigr general functional optimization and decision problems.
apparent—difficulties generally faced by current generation @hese three components, namely, goal softening, specializing
more complex optimal system problems where “structure” aeend learning are working at best when they are considered
far less evident than in earlier generation of problems. Typicalutually, and by no means have to be applied in any particular
examples are human made systems such as airport traffic cortder. Meanwhile, there are also traits in many computational
trol and internet communication networks. intelligence techniques such as neural network, fuzzy logic,

Goal softening means that instead of asking for the best gfenetic algorithms and Tabu search, to name a few, to which
lution(s), one settles with some “good enough” solutions. Thee three components work in a complementary fashion. The
intuition behind this is that by softening the goal one is effegroper combination of these components can help narrowing
tively enlarging the “target” area to a lot other good solutionslown the search space and zeroing in the optimum. This is,
which may have much higher chance to be observed. The ideavever, an important research area.
of goal softening belongs to a broader optimization techniqueGiven our understanding of the Witsenhausen counterex-
called ordinal optimization, first propelled by Hbal.[10]. The ample, and the quality of our solution, this paper offers a
importance of goal softening has been explained in Ho [12], Lahallenge to find more new insight for future investigators of
and Ho [14], and Leet al. [15]. In Deng and Ho [7], ordinal the long outstanding problem.
optimization has been applied very successfully in the Witsen-
hausen problem to locate the 2-step function in Section I-B. In APPENDIX |
this paper, despite a very convenient formulation by step func- CONTINUITY OF J

tions,_ we do not_ insist on searching .the 14-step, or higher, Stemere, we are to show the continuity of the cost functiomith
function space in the first place which presumably yields tl}%spect to the parameters of step function, bg., . ., b,, and
“best” solution. We have instead coasened the solution space e

int : b £sten functi ; = and look WL - W Our illustration is based on the following facts:
Into varloq‘s subspaces ’?, step functions, Ton < 7, and 100K~ ,4qy,cts, sums and differences of continuous functions are con-
for some “good enough” solutions. We have then specializ

ﬂuous, and quotient of continuous functions is also continuous

in the subspape of 3.5_—step functions. Spgqahzmg IS IMPYrovided that the quotient is defined, i.e., the denominator is
tant because it dwells into the more promising regions in t ero
: .

search space and intensifies important attributes of potentia yProposition: For givenn a finite positive integer and(z) a
optimal solutiong4 In our case here, we have improved by the

. o -step function is continuous with respect to the parame-
scatter search technique to a local minimum of 3.5-step fur{n-sblp b é]rl(dfzul w.. 25 P P

tions. Lastly, we cannot emphasize any less the learning part Proof: Recall from (10) the stage one cost as a function of
about the problem structure with respect to placement of brez?tlg

. parameters
points and the tradeoffs between the two stages.

k?Elz — f(x)]?
n 2 2
VI. CONCLUSION _q__ 2 S wi [exp b\ exp i
. . 27{'0’2 X ‘ 20'2 20'2
In this paper, we have developed an analytical framework i=1
using the step function formulation for the Witsenhausen coun- 5 202
terexample. This is a two-stage team decision problem that re- + sz Wi -

quires minimization of a signaling functiof{z). Our formula-
tion has not only speeded up the calculation of the cost objec- bit1 b; .
tive but has also facilitated learning about the cost terms in the = 5 <@7’f <\/§a> —erf <\/§a>> o1=1,2,....n
two different stages. We search in a hierarchical fashion on tﬁ“?s clear then allp,

i : 's are continuous with respect to the pa-
number of steps first, and narrow down the search in the Surgfnetersbi andb;.1. It is obvious that the stage one cost is

space of 3.5-step functionsé. Then, by anacljyéingdtgg reipECtB’&tinuous inb;s andw;s. Meanwhile, the stage two cost is
cost terms in stage one and stage two, and by adding the s _ 2T — 1

segments as discussed in Section [lI-D, we are able to ach?gjeklf(x) g @)+ =1 I(ng where

a 13% improvement from the previously known best (Deng and I(Dy) = / <i Dy( )) dy
Ho [7]) and more than 54% better than previous results obtained d Dy(y)

by other authors for a benchmark instance. The quality of o@RdLDy(y) is the density function of. For f(x) a step function,
solution is assessed through order statistics in Section 1IV-AL#(y) can be rewritten as

n
Dy(y) = 2v2md(y) Zpﬂf)(wi) cosh(w;y).
24The No Free Lunch Theorem (Wolpert and MaCready [23]) says that, i—1
without structural assumptions learning about these structures and specializing
to them, no algorithm can be expected to perform better on the average thafPNote, the .5-step” functions are in a subclass(ef + 1)-step functions
the simple blind search. with the restriction that the first signaling level being setiat= 0.
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Let h(y) = 2v2m >, pi(w;) cosh(w;y), we can easily see TABLE VI
thath(y) is also continuous ih;s andw;s. Moreover, as long THE PERFORMANCEVALUE OF THE BEST DESIGN
as theb;s are not all identical, there exigts > 0 for somej.

As aresulth(y) > 0for all y. Hence,Ds(y) = ¢(y)h(y) > 0 f f* 7
for all y. Now

dD; dh ; do

dy _‘7’d_y + Ld_y Performance Value 0238461  0.186649  0.181396
and

dh =
— =92v/27 piw;p(w; ) sinh(w;y).
i % ; (w;) sinh(w;y)

APPENDIX I
Therefore ODD FUNCTION ASSUMPTION
% :2\/5(/)(31) Zpiwid)(wi)sinh(wiy) The cost term can be broken into stage one and stage two
Y P costs. Recall equation (5), stage two cd@{,f (z) — g(f(z) +
n ))?], can be re-written aél — I(Dy)) whereI(Dy) is the
— 2V2myd(y) > pid(w;) cosh(w;y) Fisher information of the random variabjevith densityD ; ().

i=1 The random variablg is the noisy observation made by player
n . two. The Fisher information is defined as
=2V 2w ¢(y) {Z pip(w;)[w; sinh(w;y) —y Cosh(wiy)]} .

=1

2

We can see thatdD/dy)? is continuous with respect tig’s I(Dy) = / <di Df(y)> Ddy .
andw;’s, and soig1/D;)(dD;/dy)?. Therefore, the integrand 4 ()

of I(Dy) is continuous with respect tg’'s andw;s. Finally, in _ _ o o

order thatZ(D;) is continuous, we need to see if the integral € Fisher information is a gauge of how easy it is for player
indeed exists. Clearly;(D;) > 0. By the quadratic nature of tWO t0 dlst|ngu§h between the dlffgrent signals sent by pla_yer
the second stage cost, we have E[(f(z)—g(f(x)+v))2] = ©ne over the noisy channel [16]. Sln_cg our goal is to minimize
1 — I(Dy), and, hencel(D;) < 1. Since both stage one andth.e overall cost term, we need to minimize the stage two cost
stage two costs are continuous with respect to the parametifignout compromising the stage one cost. In order to minimize
therefore,J( f) is also continuous with respect to the parametefde stage two cost, we have to maximize the Fisher informa-

in the step function formulation. 7 tion. Since Fisher information is a gauge of the quality of the
signals sent by player one, it does not make a difference if the
APPENDIX I strategy utilized,f(x) is an odd function or not. Instead, the

separation between adjacent signals, for a given noise level, are
more important in determining the value of the Fisher informa-
Here is a description of the scatter search technique efy,. On the other hand, the stage one cost could only be op-
ployed in this paper. Am-step function is completely definedima) if £(x) is odd due to the symmetry of the cost term, e.g.,
by (n; by, ..., by wy, ..., wy) @s shown in Section 11-B-1. prp2( r(z) — )2]. Given that stage one cost requires the op-
By scatter search, we mean to search functions of which oneha| strategy to be odd and stage two cost does not care, it is
the parameters (breakpoints and signaling levels) is perturbgdsonaple to assume that the optimal strategy for the total cost
by a specific amount from the current iterate. Formally, &oyid need to be an odd function. Thus, we have restricted our

SCATTER SEARCH

iteration ¢, let (n; b, ..., bL; wi, ..., w!) be the current segrch to odd functions only.
solution andB* be the set of all neighboring points, i.e., Below are some empirical results which further support our
assumption that the optim#(z) should be an odd function. We
B'={(n; b1, Uhtrae, ..., bl trps; witsie, ..., w),£s,e): randomly generated 50 000 nonodd functions—nonsymmetric
functions. We denote them g&. We construct symmetric odd

n n function from the nonsymmetri¢’s. In particular, we created

Z” + Z s;p=1,7; 5; € {0, 1} symmetric functions by reflecting the portion 6fz) over the

i—2 i=1 positive domain and negative domain about the origin, denote

asft andf—, respectively. In 3363 out of the 50 000 instances,

for some appropriate which decreases over timéFort = 1, \ye opserve the nonsymmetric functions outperforming their
the initial solution @; b1, ..., by wi, ..., w,)is obtained, for symmetric counterparts. This translates to less than 7% of the
example, as in Section 1lI-B. By evaluating the costs for afje that the nonsymmetric functions are better. Moreover,
neighbors in3*, we move to the one with the lowest cost, i.eye have found that the best among the nonsymmetric one is
the next iterates(; 07", ..., b wit!, ... witt) is setto gutperformed by the best among the symmetric one’s by a
the neighbor iB* with the lowest cost. The process is done iteqarge margin. In other words, if we are seeking the functions
atively until all perturbations produce no further improvementyjith the best performance values, out of the 150 000 functions

+ —
26Note, the parametés, is not perturbed since it is set to 0 due to the sym(fs' fTs andf~s) that we have evalua_ted, we ShO_U|d look at
metry about the origin. the one’s that are odd. The values are listed below in Table VI.
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This supports the idea that the very best designs would be ggs] M. S. Yang, “Ordinal optimization and its application to complex de-
odd function. terministic problems,” Ph.D. dissertation, Division of Engineering and

Applied Sciences, Harvard University, Cambridge, MA, Nov. 1997.
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