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Abstract

In 1968, Witsenhausen introduced his celebrated
counterexample, which illustrated that when an in-
formation pattern is nonclassical, the controllers
which optimize an expected quadratic cost may be
nonlinear. For the special invited session commem-
orating the fortieth anniversary of the counterex-
ample, we address one of the four follow-up ques-
tions listed in his original paper; namely, whether
there is a relation between the convexity of finding
the optimal affine controller, and whether that con-
troller is in fact optimal. In particular, we discuss
the connections between partially nested structures,
for which linear controllers are known to be optimal,
and quadratically invariant structures, for which op-
timal linear control is known to be convex.

1 Introduction

A classical information pattern assumes that, at every
time step, the controller can access not only informa-
tion from that time, but from all preceding times as
well. When this holds, and when the dynamics are lin-
ear, the cost quadratic, and the noise Gaussian, optimal
controllers are linear.

The Witsenhausen Counterexample [10] showed that
when a nonclassical information pattern exists, then
affine controllers may be suboptimal for the LQG cost.
To put this another way, the class of affine functions
is not always complete when the information pattern is
not classical.

The conclusions of his paper were as follows:

9. Conclusions. (1) Further study of linear, Gaussian,
quadratic control problems with general information
patterns appears to be required.

(ii) The existence of an optimum and the question of
completeness of the class of affine designs must be
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examined as a function of the information pattern.
(iii) It would be interesting if a relation could be found
between the appearance of several local minima over
the affine class and lack of completeness of this class.
(iv) Algorithms for approaching an optimal solution
need to be developed. Because of the occurrence of local
minima, this appears to be a most difficult task.

(i) is obviously open-ended, and his work in-
deed motivated and catalyzed forty years of research
into decentralized control. (ii) was largely answered
by Ho and Chu in 1972 [2] with the introduction of
partially nested structures, for which linear controllers
are indeed optimal. These will be discussed at length
later. (iv) is fairly open-ended as well, and there has
certainly been a progression of nonlinear optimization
theory and tools, but there have also been specific
efforts to approach the optimal solution for the Wit-
senhausen counterexample, or to use it as a testbed
for new optimization tools. In particular, the best
known achievable cost (for benchmark values of the
parameters) was driven to a new low in [3] and was
further improved upon in [4].

In this paper, we address the third question.

2 Preliminaries

We review the Witsenhausen counterexample [10],
partially nested structures [2], and quadratic invari-
ance [7, 8].

2.1 Witsenhausen counterexample

We review the Witsenhausen counterexample, blend-
ing his original notation with variable names commonly
used in modern control frameworks.

o=[)

Given noise
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Figure 1: The Witsenhausen Counterexample
and control laws Problem setup. Suppose we have N team members,
and let 7 :={1,...,N}.
up = v1(y1) uz = v2(y2)

the system then evolves as follows, as indicated in
Figure 1

o = owy V= W2
Y1 = Xo Yo =1+
ur = 71(y1) uz = Y2(y2)

r1 =0+ uy To = T1 — U2

and we wish to keep the following variables small

lekul

Z9 = I9.

The noise was normally distributed w ~ N(0, I) and we
seeked 71, v to minimize E | z]|3.

This differs from a standard LQG problem only in
that the second controller cannot access the informa-
tion that the first controller can access, and this subtle
difference is shown to cause the optimal controller to
no longer be linear, as well as to cause the problem
of finding the optimal linear controller to no longer be
convex. The obvious follow-up questions of, for which
information structures are linear controllers optimal,
and, for which information structures is the optimal
control problem convex, were largely answered by the
introduction of partially nested structures and quadrat-
ically invariant structures, respectively. These are the
topics of the next two subsections.

2.2 Partially Nested

We now review the framework and the main results
of [2]. We only alter notation from the original when
it is necessary to avoid doubly-defined variables later.
We also add a little notation where it will ease later
discussions, and try to clarify when we do.
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We assume that we have an underlying random vari-
able £ € R™ on probability space (R, F, P) and that
&~ N(0, X), for some X > 0.

Each team member 4 can access the measurement g;
where

ji=Hi{+> Dyju; Viel (1)
J

and H; and D;; are matrices of appropriate dimension.

While not explicitly defined as such, H] and Dj; are
used to indicate the components of H; and D;; which
correspond to a new measurement, while the rest can
correspond to measurements of other team members
passed on to member i. To help make this distinction
as we go forward, we will refer to this new measure-
ment as y;, which will also be commensurate with our
notation in the next subsection.

For example, suppose that the measurement for the
first team member is random

=y = Hi§E=H¢

and that the second team member can access this mea-
surement, as well as a new measurement affected by the
first member’s control input:

_ [n] [H 0 0
= o) = [ oy o] =
— = -~

Ho D2y Dao

ng thus represents if and how control input j can af-
fect the new measurement 7, and D;; thus represents if
and how control input j can affect the overall informa-
tion accessible to member i. The sparsity structure of

these matrices then defines the information structure.
They further assume that

Dl]7é0:>Dﬂ:0 Vi,jel (2)
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where it seems to be presumed that each team member
decision corresponds to a particular time, so that this
would follow from causality. This is not always desired
if the team members correspond to, for example, differ-
ent subsystems which may affect one another; we will
revisit this assumption later. In fact, what they actu-
ally require is more restrictive than (2), since they want
to ensure that if control action u; affects the informa-
tion g;, then wu; cannot affect the information g;. For
instance, the following,

D

o ot O
o O o
o o Qe

while not violating (2), would violate the actual as-
sumptions of their paper for any a, b, ¢ # 0 due to the
cycle that it creates. To more formally state the actual
assumptions of the partially nested result, they require
that

By,

such that
Dyiryy.ooy D

b) Tk—1TkK?

A

DTK/TI # 0 (3)

for any postive integer k. This includes the formerly
implicit assumption that

which similarly was sensible for the types of problems
envisioned, but is not always desired. We will revisit
this as well.

The control input of each team member is
given as wu; =v;(9;). Let T'; be the set of all
Borel-measurable functions ~; : R% — R¥ and let
F'={[y,...,w] | v €l;VieI}. The objective is
then to find v € I' to minimize

J = E(%uTQu—&-uTVf—i—uTc) (5)

for some Q € R¥** Q >0, S € R¥*" ¢e RF.

Main PN result. Let Z; C F be the sub-c-algebra
induced by fixing v; € T';.

They say that j is a precedent of i, and denote
J <1, iff D;; # 0 or there exist rq,...,7r, € Z such that
Dir s Dyiryy-v s Dy 1y Dy j 7 0. This can be inter-
preted as saying that j is a precedent of ¢ iff the jth
control input u; can affect the 7th measurement y;.

An information structure is then defined to be par-
tially nested (PN) if

jRi= 2Z,C2Z VijeIl Vyel (6)

This translates to saying that an information structure
is partially nested if whenever the jth control input u;
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can affect the ith measurement g;, then the jth mea-
surement g; can be deduced from ;. In others words,
whenever someone can affect what you see, you can see
everything that they can.

Their main result is then that if the information
structure is partially nested, then the optimal control
exists, is unique, and is linear.

The key to their proof was showing that when the
information structure is partially nested, the problem
is equivalent to what is known as a static team problem,
which is known to have a unique linear optimum [5]. In
this notation, a static team problem is simply one for
which D = 0, while also assuming that all H; are fat
and full rank.

2.3 Quadratically Invariant

General problem setup. We now introduce the
framework in which quadratic invariance has been de-
veloped.

Suppose that we have linear spaces U, W, Y, Z, and
a generalized plant P € LW x U, Z x V) partitioned

as
_ P P2
r= {Pm G}
sothatPn:WHZ,PQ:L{HZ,PE:WHJJ
and G : U — Y. Suppose K € L(V,U). If I — Py K is
invertible, define f(P, K) € LWV, Z) by

f(P,K) =Py +PoK(I - GK) Py

The map f(P,K) is called the (lower) linear frac-
tional transformation (LFT) of P and K, and is
also referred to as the closed-loop map. This rep-
resents the map from w to z with the interconnection
depicted in Figure 2. Note the abbreviation G := P
made to simplify later discussion.

Py
Py

Py
G

RE—0)

K

Figure 2: Linear-fractional, or two-input two-output
framework.

Given linear spaces U, W, ), Z, generalized plant P €
LOW xU,Z xY), and a subspace S C L(Y,U), the
objective is to solve the following problem:

If (P, K)|
subject to K €S

minimize

(7)
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Here |[|-|| is an arbitrary system norm on L(W,Z),
which can be chosen to correspond to an expected
quadratic cost if desired, and S is a subspace of admis-
sible controllers, which can be used to encapsulate the
information structure of a decentralized / nonclassical
problem.

Main QI result. S is said to be quadratically in-
variant (QI) with respect to G iff

KGKeS VKeb. (8)

The main result is then that if the information con-

straint is quadratically invariant, then the optimal con-

trol problem can be cast as a convex optimization prob-
lem.

Similar results have been obtained in this framework
for different spaces. In [7], the linear spaces considered
were arbitrary Banach spaces and thus the additional
constraint that (I — GK) be invertible was required.
In [8], extended spaces (La., f2.) were considered and
thus the additional constraint that K stabilize P. For
now, we will proceed assuming that the spaces are real
vectors.

This setup is extremely general, and in many senses
contains the previous framework as a special case. We
now show how it is used for considering multiple sub-
systems or team members, each with access to different
information.

Sparsity constraints. Suppose that there are n,
separate measurements, and n, separate controller ac-
tions. Often, we will have n, =n, = N as each mea-
surement and control action corresponds to a given sub-
system, but that does not have to be the case. We
partition the sensor measurements and control actions
as

T 17 T
y= [ Yn, ) u= [uf n)
and then further partition G and K as
G11 G1nu K11 Klny
G = : : K= : :
Gnyl Gnynu K’nul Knuny

so that G;; maps the jth control input u; to the ith
measurement y;, and so that Kj; maps the [th mea-
surement y; to the kth control input uy.

Now, if one wants to consider the case where subsys-
tem controllers can access the measurements from some
subsystems but not from others, this information con-
straint manifests itself as a sparsity constraint on the
overall controller K to be designed.
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We define a bit of notation that will allow this case
to be dealt with systematically. Given a binary matrix
AP € £0,1}™*" | define the subspace

Sparse(AP™)
={BER™" | B;;=0 Vij st AN =0}

and conversely, given B € R™*" let AP = Pattern(B)
be the binary matrix given by

bin

In words, Sparse(-) gives the set of all matrices with
the given sparsity pattern (represented with a binary
matrix), and Pattern(-) gives the sparsity pattern (in
the form of a binary matrix) of a given matrix.

0 ifB;;=0
1 otherwise

Returning to the problem of interest, given an infor-
mation structure, we can construct an associated bi-
nary matrix K" where KPI" = 0 indicates that con-
troller k cannot access measurement [, and the problem
of finding the optimal controller with that information
structure becomes problem (7) with S = Sparse( K®™).
If we further let GP™® = Pattern(G) give the sparsity
structure of the plant, it was shown in [7, 8] that S
is quadratically invariant under G iff V i,l = 1,...,n,,
andV j,k=1,...,ny,

KGR (- =0 )
Thus we can systematically test, with these n2n? equa-
tions, whether the information structure is quadrati-
cally invariant, and thus, whether the optimal (linear)
control problem is convex.

3 The Relationship

We will now revisit the partially nested setup and re-
sults with an eye towards this framework. We will
mostly focus on the information structure, but also note
that the objective of a problem given in the form of [7]
matches up with the objective function of (5) if the
2—norm is chosen and if

Q=2PLP, ~ V=2PLP X3,  c=0.
Conversely, given a problem in the form of [2], this can
be made to match up with the framework (7) if we

consider the 2—norm and choose

1 . 1 1 1
Pll:ﬁQ éVX;, PlQZ\ﬁQév (10)
Py =H'X?, G=D (11)
as well as zqes = f%Q’%c, where the objective is ad-

justed to keep z — zges as small as possible. While [7, 8]
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do not explicitly consider zgqes # 0, and this would of
course effect the optimal controller, it does not affect
the convexity of the optimal control problem, and the
main results regarding quadratic invariance thus still
hold.

Let us now construct a binary matrix K™ to repre-
sent the information structure in the PN framework

Kbm _ {

and a binary matrix DP™ to represent which measure-
ments depend on which inputs

1

0 otherwise

if v can access y;

oo _ [0 6D} =0
t 1 otherwise

In addition to the implicit assumptions mentioned in
Section 2.2, note also that the framework from that
section also leads to the implicit assumption that
Kbin =1V

We now state our main theorem, which shows that,
at least for the framework where partially nested is ex-
plicitly defined, it is actually equivalent to quadratic
invariance.

Theorem 1. The information structure is partially
nested iff ¥ i,j,k, 1 €T,

Kbm Dbm Kbm (1 Kbm) 0. (12)
Proof. Suppose first the the information struc-
ture is partially nested. Then for any k,i such that
KP" =1, 5;, can access y;. Thus what v, sees is af-
fected by u; for all j such that KPin = 1,D%i“ =1,
and so 7, must have access to whatever «; has ac-
cess to for all 7,7, k such that Kbm 1,D;?’jin = 1.
It then follows that ~; must have access to y; for
all i, j, k, I such that Kp" =1, DPi" = 1,[(;%in =1, and
thus we must have KPi® = 1 for all i, j, k,[ such that
Kpin =1, Dbln =1, Kbm =1, and (12) follows.

Now suppose that the information structure is not
partially nested. We will show by induction that (12)
must fail for some i,j,k,I. Consider the statement
P.: “If there exists a path of length k such that
D?;g,.. Dbln = Kbm =1, and Kf“l“ = 0, then
3i, 5, k,1 buch that (12) falls K If we can show that P,
holds for all integers k& > 1, we will be finished.

For k = 1, we have K} Db Kb (1 — KPip) =

i1i1 41 i1l L
and P; holds Now assume that PK 1 is true, consider
a path of length &, DZ‘f‘z e DE:‘]1 = 1, and consider
the value DI --- DPKE™(1 — KPit). If this is equal
to 1, then P, follows from P,_4. If it is equal to 0, then
Kb”‘ =1, and thus KPP Dbin jebin(g Kb”‘) =1, and

iol 1181 41227 Vgl
|

P. follows.
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We have thus shown that for problems where par-
tially nested is defined, it is equivalent to quadratic
invariance! Thus the problems for which the optimal
linear control problem is convex, that is, for which there
are not multiple local minima over the linear class, are
the same as those for which this class is complete.

4 Remaining Questions

41 LQG

With the exception of the constant ¢ addressed earlier,
the framework of quadratic invariance is much more
broad, and we now discuss what can be said about some
of the quadratically invariant problems for which par-
tially nested is not defined.

First, the constraint that Kﬁin V 4, implicit in PN but
not in QI, is not actually restrictive. For any controller
that we label ~;, we can (re)label its information or a
part of its information as y;. Should we choose not to
do that, we could still salvage the rest of the PN results
after redefining precedent such that [ is a precedent of

k (I < k) iff there exist i1,...,4, € Z and j1,...,jx €L
bi bi bi bi bi bi
such that K%, D% K20 DY o Dt (K =1

which could then as before be mterpreted as saying that
[ is a precedent of k iff the [th control input u; can affect
the kth measurement g.

Let us now turn our attention to the class of problems
with cycles that PN does not address; that is, problems
for which (3) is violated. The proofs of the main results
in [2] indeed break down in the presence of such cycles.
However, if such a cycle exists, and if the problem is QI,
then through iterative application of (9) we can show
that each controller in the cycle must be able to access
all of the information in the cycle. We can then define

T T
ug = [ur, u ] ve = v,

and would then simply have KPI* = 1 and K" =1 for

any j such that Kfii; =1 for some i € 1,...,k; that is,

the controller v; giving the new block variable uz must
be able to access all of the information which had been
available to any members of the cycle. We would then
of course also have Dzz # 0; that is, Dbm =1, and so
we see that the problem of extending the PN/QI rela-
tionship to cycles reduces to whether we can relax (4).
The proof of the main result of [2] indeed still breaks
down when D;; # 0 for some i. However once the
problem is reduced just to these internal cycles, more
standard centralized control techniques could be used,
such as finding the optimal map 7,(-) from the exter-
nal inputs H;& + Zﬂi’j# D;;u; to u; (which would be
affine) and then recovering v;(+) = 7; (I + Dy7;) L.
Formalizing the above argument, to show whether
all problems with quadratically invariant sparsity con-
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straints over real vector spaces have linear optimal con-
trollers, even those for which the concept of partially
nested is undefined, could be a topic of future work.
Other quadratically invariant problems which could be
studied to see whether there is a link to some general-
ization of partially nested structures or other proofs of
linear optimality include control over other spaces be-
sides real vectors, as well as other constraints besides
sparsity constraints.

Lastly, we note that our main results regarding PN
and QI depend only upon the structure of the plant and
the information structure, and hold regardless of the
parameters of the cost. When more specific costs are
considered, problems can be found which violate these
conditions but which have linear optimal controllers or
for which finding optimal controllers is tractable. For
instance, [1] shows that the Witsenhausen counterex-
ample itself, with certain values of its constants, will
have linear optimal controllers.

4.2 Other Cost Criteria

The relationship between information structure and lin-
ear optimality is not well-understood for other cost cri-
teria besides LQG, but it seems that this connection be-
tween convexity and linear optimality is lost when one
considers other criteria. Two results in particular make
this point. In [9], the £;—"norm” is considered (that
is, the cost induced by the co—norm), and an example
was presented for which linear controllers are subopti-
mal, even though the information structure was central-
ized. Centralized problems are trivially PN/QI, and so
this clearly represents a breakdown of the connection
between convexity and linear optimality. In [6], the
same problem setup as the Witsenhausen counterex-
ample is considered, but for the minimization of the
cost induced by the 2-norm, sometimes called uniformly
optimal control, rather than the LQG criterion. It is
shown that linear controllers are then optimal. As the
Witsenhausen counterexample is of course not PN/QI,
this represents the opposite type of breakdown of the
connection between convexity and linear optimality.

5 Conclusion

We have shown that partially nested and quadratically
invariant are actually equivalent conditions for prob-
lems where they are both well-defined. The former
is a condition for which optimal controllers are linear,
and the latter is a condition for which the optimal lin-
ear control problem is convex. Such a relationship was
surmised after the Witsenhausen counterexample elu-
cidated the difficulties of optimal decentralized control,
both in terms of nonlinearity and nonconvexity, and we
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have shown for the fortieth anniversary that he had an
incredible amount of foresight.
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